NUCLEAR DIMENSION AND Z-STABILITY 
OF PURE C*-ALGEBRAS 



WILHELM WINTER 

In Erinnerung an meinen Vater 



Abstract. In this article I study a number of topological and algebraic dimen- 
sion type properties of simple C*-algebras and their interplay. In particular, 
a simple C*-algebra is defined to be (tracially) (m, m)-pure, if it has (strong 
tracial) m-comparison and is (tracially) m-almost divisible. These notions are 
related to each other, and to nuclear dimension. 

The main result says that if a separable, simple, nonelementary, unital C*- 
algebra with locally finite nuclear dimension is (m, m)-pure, then it absorbs 
the Jiang-Su algebra Z tensorially. It follows that a separable, simple, nonele- 
mentary, unital C*-algebra with locally finite nuclear dimension is 2-stable if 
and only if it has the Cuntz semigroup of a .E-stable C*-algebra. The result 
may be regarded as a version of Kirchberg's celebrated theorem that separa- 
ble, simple, nuclear, purely infinite C*-algebras absorb the Cuntz algebra O^a 
tensorially. 

As a corollary we obtain that finite nuclear dimension implies .E-stability for 
separable, simple, nonelementary, unital C*-algebras; this settles an important 
case of a conjecture by Toms and the author. 

The main result also has a number of consequences for Elliott's program to 
classify nuclear C*-algebras by their K-theory data. In particular, it completes 
the classification of simple, unital, approximately homogeneous algebras with 
slow dimension growth by their Elliott invariants, a question loft open in the 
Elliott— Gong-Li classification of simple AH algebras. 

Another consequence is that for simple, unital, approximately subhomo- 
geneous algebras, slow dimension growth and 2-stability are equivalent. In 
the case where projections separate traces, this completes the classification of 
simple, unital, approximately subhomogeneous algebras with slow dimension 
growth by their ordered K-groups. 



0. Introduction 



In the structure and classification theory of nuclear C*-algebras, the interplay be- 
tween algebraic and topological regularity properties is becoming increasingly im- 
portant. Algebraic regularity occurs in many different ways; it might be related 
to the number of generators of certain modules, to tensorial absorption of suitable 
touchstone algebras, or to structural properties of homological invariants. Topo- 
logical regularity properties usually stem from the interpretation of C*-algebras as 
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noncommutative topological spaces. They might manifest themselves as properties 
of the primitive ideal space (e.g. separation properties), but there is also a rich sup- 
ply of noncommutative versions of topological dimension, which carry nontrivial 
information even when the spectrum doesn't. Examples of such concepts are stable 
and real rank ([24] and [4]), or (in increasing order of generality) approximately ho- 
mogeneous dimension, approximately subhomogeneous dimension, decomposition 
rank, and nuclear dimension (cf. [27], [19] and 42,)- Of these, the former are linked 
by design to certain algebraic regularity properties; the latter concepts behave much 
more like topological invariants, and their connections to algebraic regularity are 
subtle. 

In [3S], [10] and [13], some links between such regularity properties have been 
proven, and some others have been formally established as conjectures (see also 
|12|). In particular, A. S. Toms and the author have conjectured that finite de- 
composition rank, 2-stability and strict comparison are equivalent, at least for sep- 
arable, simple, nonelementary, unital, nuclear and stably finite C*-algebras. The 
main result of j40| establishes one implication of this conjecture: a separable, sim- 
ple, nonelementary, unital C*-algebra with finite decomposition rank is .E-stable, 
i.e., absorbs the Jiang-Su algebra Z tensorially. By [55], this also implies strict 
comparison of positive elements (i.e., the order structure of the Cuntz semigroup is 
determined by lower semicontinuous dimension functions, which in turn are given 
by tracial states). The result has been particularly useful for Elliott's classification 
program for nuclear C*-algebras; for example it has led to the complete classifi- 
cation of C*-algebras associated to uniquely ergodic, minimal, finite-dimensional 
dynamical systems, in j33j and |34j . 

The conjecture of Toms and the author was formulated in the not necessarily finite 
case in |43j , replacing decomposition rank by nuclear dimension. This generalization 
is interesting since on the one hand it allows a unified view on the purely infinite 
and the purely finite branches of the classification program; on the other hand, 
nuclear dimension is highly accessible to applications, in particular in dynamical 
systems, but also in coarse geometry. 

In the present paper some more regularity properties for simple C*-algebras are 
studied, m-comparison and m-almost divisibility. These have an algebraic flavour 
and can be formulated at the level of the Cuntz semigroup, but they might as well 
be interpreted as dimension type conditions. I also introduce and study tracial 
versions of these conditions, (strong) tracial m-comparison and tracial m-almost 
divisibility. I then call a simple C*-algebra (tracially) (to, TO)-pure, if it has (strong 
tracial) m-comparison and (tracial) TO-almost divisibility; it is shown that tracial 
(to, TO)-pureness implies (to, TO)-pureness (for a suitable to depending on to and to). 

L. Robert has shown in [25] that if a C*-algebra has nuclear dimension at most 
TO, then it has w-comparison in the sense of [25] (in the simple case, Robert's 
notion of m-comparison agrees with the definition used here). I will use a result 
of [13] on Kirchberg's covering number to show that finite nuclear dimension (at 
least in the simple case) implies m-almost divisibility for some to e N; tracial 
(to, TO)-pureness will also be derived in this situation. This generalizes results of 
[40l Section 3] to the case of nuclear dimension; [40] Lemma 3.10 and Corollary 3.12] 
essentially yield tracial (to, TO)-pureness for simple, unital C*-algebras with finite 
decomposition rank, and provide crucial ingredients for the main result of |40) . 
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While the subtle interplay between nuclear dimension and (tracial) (to, TO)-pure- 
ness is interesting by itself, these relations become particularly useful when com- 
bined with the main technical result, Theorem 16. II This says that a simple, unital, 
nonelementary C*-algebra with locally finite nuclear dimension is Z-stable, if it 
is tracially (to, TO)-pure. The proof of Theorem 16.11 is quite technical; it will to 
some extent follow ideas from |40j , isolating and generalizing some of the abstract 
machinery of that paper. 

As a consequence of these results we obtain that a separable, simple, unital, 
nonelementary C*-algebra with finite nuclear dimension is Z-stable, Corollary 16. 3[ 
thus establishing one of the implications of l43l Conjecture 9.3]. As a second con- 
sequence, the statement that a pure, separable, simple and unital C*-algebra with 
locally finite nuclear dimension is Z-stable (Corollarv l6.2|) partially verifies another 
implication of [JSl Conjecture 9.3]. (The reverse implication was established by 
M. R0rdam, who has shown that pureness is a necessary condition for Z-stability.) 
Remarkably, then, if A is simple and unital with locally finite nuclear dimension, 
-Z-stability can be read off from the Cuntz semigroup, and, in fact, A is ^-stable if 
and only if the Cuntz semigroups of A and A^ Z agree, see Corollary [631 

Corollaries 16.21 and 16.31 are both nontrivial, and both are useful in the structure 
theory and in the classification program for nuclear C*-algebras. For example, the 
result on finite nuclear dimension provides an alternative (to some extent more 
direct, but not necessarily simpler) access to [33l Theorem 0.2] (still using [33l 
Theorem 0.3]). It will also be a crucial ingredient of one of the main results of [M] . 
which says that if A is a separable, simple, unital C*-algebra with finite nuclear 
dimension, then there is a dense Gs subset of the space of automorphisms of A such 
that the respective crossed product C*-algebras are again simple with finite nuclear 
dimension. 

The result on Z-stability of pure C*-algebras in combination with a theorem of 
A. S. Toms ([3D]) can be used to make progress on the classification and structure 
theory for simple, unital, approximately (sub)homogeneous C*-algebras. Corol- 
lary 16.51 says that for such algebras slow dimension growth is equivalent to Z- 
stability. In the approximately subhomogeneous case with slow dimension growth, 
this confirms the Elliott conjecture provided projections separate traces - Corol- 
lary 16.61 In the approximately homogeneous case with slow dimension growth, 
we obtain classification without any additional trace space condition - see Corol- 
lary 16.71 this answers an important technical question left open in [11' , where 
classification was proven under the more restrictive (and less natural) condition of 
very slow dimension growth. (It should be noted, however, that the result of |llj 
is still a necessary step.) 

In the absence of traces, a pure, separable, simple, unital C*-algebra is purely 
infinite in the sense of |8]. Therefore, the statement that pureness implies Z- 
stability (at least under the additional structural hypothesis of locally finite nuclear 
dimension) may be regarded as a partial generalization of E. Kirchberg's celebrated 
result that purely infinite, separable, simple, nuclear C*-algebras absorb the Cuntz 
algebra Ooo; see [H]. (Kirchberg's theorem later became one of the cornerstones of 
the Kirchberg-Phillips classification of purely infinite, simple, nuclear C*-algebras.) 

It should be mentioned that it remains an open question how restrictive the 
hypothesis of locally finite nuclear dimension really is. In fact, at this point we 
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do not know of any nuclear C*-algebra which does not have locally finite nuclear 
dimension. 

I also wish to point out that the methods of this article do not in any way involve 
a dichotomy between the purely finite (i.e., finite and 2^-stable) and the purely 
infinite (i.e., Ooo-stable or, equivalently, infinite and 2-stable) situation. This may 
be interpreted as promising evidence towards an approach to classification which 
would unify the purely finite and the purely infinite case. 

The paper is organized as follows. Section [1] introduces some notation, recalls the 
notions of order zero maps, decomposition rank and nuclear dimension, as well as 
a useful criterion for 2^-stability. In Section [21 the interplay of several versions of 
m-comparison and m-almost divisibility for C*-algebras is studied and the notion 
of (tracially) (m, m)-pure C*-algebras is introduced. In Section [3] it is shown that 
finite nuclear dimension implies tracial (m, m)-pureness, at least in the simple and 
unital case. Section [4] generalizes |40| Section 3] (it provides tracially large almost 
central order zero maps into tracially m-almost divisible C*-algebras with locally 
finite nuclear dimension); in a somewhat similar manner. Section [5] generalizes |40[ 
Section 4] . The main result and its corollaries are established in Section [6l 

I am indebted to G. Elliott and to the referee for a number of comments on earlier 
versions of the paper. 



Below we recall the definition of and some facts about order zero maps, the Cuntz 
semigroup and 2^-stability; we also fix some notation which will be used frequently 
throughout the paper. 

1.1 Recall from [42 that a completely positive (c.p.) map ip : A B between C*- 
algebras A and B is said to have order zero if it preserves orthogonality. We collect 
below some facts about order zero maps from 42] (see '36'. Proposition 3.2(a)] and 
[571 1.2] for the case of finite-dimensional domains). 

Proposition: Let A and B be C* -algebras, and let tp: A ^ B be a completely 
positive contractive (c.p.c.) order zero map. 

(i) There is a unique *-homomorphism 
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(p: Co{{Q,l])®A^ B 




(ii) 



for all X ^ A, where i(t) = t. 
There are a *-homomorphism 



tt: A^ M{C*{ip{A))) <ZB- 
and a positive element 

0<he M{C*{p{A))) 
(both uniquely determined) such that 

ip{x) = Tr{x)h — /i7r(x) 
for all X £ A. If A is unital, then h — 1^9(1^1). 
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(iii) //, for some u ^ B with \\u\\ < 1, the element u*u com,m,utes with tt{A), 
then the map 

ipu-- B 

given by 

^u{x) = uit{x)u* 
for X ^ A, is a c.p.c. order zero map. 

1.2 Notation: The map tt in ll.ir ii) above will be called the canonical supporting 
*-homomorphism of ip. Following [4^ (also cf. [40l 1.3]), whenever ip : A ^ B is a 
c.p.c. order zero map and / G Co((0, 1]) is a positive function of norm at most one, 
we define a c.p.c. order zero map 

fiv) -A^B 

by setting 

f{^)(x) ■.= T:{x)f{h). 



1.3 Remark: Let F be finite-dimensional, n : A B a surjective *-homomorphism 
and If : F ^ B a c.p.c. order zero map. Then, ip lifts to a c.p.c. order zero map 
(fi : F A, see |56j. 

1.4 It will be convenient to introduce the following notation. 
Notation: For positive numbers < ry < e < 1 define continuous functions 

f-n,e,g-n.e: [0,1] ^ [0,1] 

by 

{0 if t < r?, 

1 ife<t<l, 
linear else, 

and 

{0 iit<r], 
t ife<t<l, 
linear else. 

1.5 Notation: For a given L e N, by a standard partition of unity for the unit 
interval [0, 1] we mean a set of sawtooth functions 

defined by 




Note that the functions h^i \ . . . , h''^' ,hY' , . . . , h^j^' are in Co((0, 1]); we will slightly 
abuse notation and call these a standard partition of unity for the interval (0, 1]. 

1.6 Notation: If A is a unital C*-algebra, we denote by T{A) the space of tracial 
states and by QT{A) the space of normalized quasitraces, see T{A) and QT{A) 
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are compact (and metrizable if A is separable). If A is simple, then any =/= a E A-^ 
is strictly positive and continuous on QT{A), and there is 77 > such that T(a) > rj 
for ah T e QT{A). 

1.7 Remark: We associate to any r G QT{A) a lower semicontinuous dimension 
function dr on A^ by 

dr{a) := lim T{a~); 

n— f 00 

it was shown in [2 that every lower semicontinuous dimension function on A is 
induced by a quasitrace. One checks 

dr{a) = limT(5o,e(a)) = lim T(g,^2e(a)) 

£\,0 c\,0 

and 

(1) rfr((a -/?)+)< T(g^/2,Ma)) 

whenever /? > 0. 

If / is a positive continuous function on QT{A) and a S ^+ satisfies 

rfr(a) > /(t) 

for all T S Qr(j4), then there are n e N and ry > such that 

r{ai)>fir) 

and 

T-(5,,,2r,(a)) > /(r) 

for all T e QT{A) (we still asume A to be unital, so that QT{A) is compact). The 
argument is essentially the same as for Dini's Theorem, the details are omitted. 

1.8 Remark: It was shown in [42l Corollary 3.4] that the composition of a trace 
with a c.p. order zero map is again a trace; the respective statement holds for 
quasitraces and for (lower semicontinuous) dimension functions. 

1.9 Notation: If A is a C*-algebra, we write 

Aoo :=n^/0^; 

N N 

we regard A as being embedded in A^o as constant sequences. 
We denote by Too (A) those tracial states on Aoo which are of the form 

[(aOiew] ^^ lim r/(a;) 

for a free ultrafilter a; on N and a sequence (r/)/^^ C T{A). Note that any r G 
Too{A) restricts to a tracial state on A. 

1.10 Notation: If ^ is a C*-algebra we denote by W(A) its Cuntz semigroup; 
this consists of equivalence classes of elements in 

00 

Moo(^)+ = U Mk{A) + . 
fc=i 

Two elements a,b G Moo{A)^ are equivalent, a ~ 5, if they are Cuntz subequivalent 
to each other, a ^ b and b ^ a. The elements a and b are Murray-von Neumann 
equivalent, a ~ b, if there is a; € Mao{A) such that x*x = a and xx* = b. 
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Any dimension function dr on A as in II .71 induces a positive real- valued character 
(also denoted by c?r) on the Cuntz semigroup M^(v4) with its natural order (cf. |;91); 
if A is unital and t is a normalized quasitrace, then dr : W{A) — > R+ is a state. 

The reader is referred to |28j and |26j for more detailed information and for 
background material on Cuntz comparison of positive elements and on the Cuntz 
semigroup. 

1.11 Proposition: Let A be a C* -algebra, a,d E A positive contractions and 
< /3 < 1 a number. If d ^ a, then there is x €z A such that 

x*x = gi3/2,i3{b) and xx* € her(a) C A. 



Proof: Since d'^a, there is y G A such that 

\\d-y*ay\\<^. 

By [IHl Lemma 2.2], there is z E A with 

(d-/3/4)+ = z*y*ayz. 
By functional calculus there is t G A such that 

t*[d- p/^)+t^gp/2Ad)- 

Now 

x := a^yzt 

will have the desired properties. I 

1.12 Proposition: Let A be a C* -algebra, a,b € A positive contractions, k eN, 
< /3 < 1, and f G Co((/3, 1]) a positive function of norm at most one. If 

k-{b) < (a) 

in W{A), then there is a c.p.c. order zero map 

if : Mk ^ her(a) C A 

such that 



Proof: Set 

d := Ife (g) 6 G Mfc (g) A, 

then 

{d) = k- {b) < (a) 
in W{A). By Proposition II. Ill there is a; G M^. (g) A such that 

x*x — gp/2,f3{d) and xx* G her(a). 

Define a c.p.c. map 

^p : Mk her(a) 

by 

ip[y) ■= x{y ® f{b))x* for y G Mk. 
Using Proposition ll.il it is straightforward to check that Lp has the desired proper- 
ties. I 
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1.13 Remark: Recall from 15 that the Jiang-Su algebra Z is the uniquely de- 
termined simple and monotracial inductive limit of so-called prime dimension drop 
C*-algebras, 

Z ~ lim Zp^^q^ , 

where 

Zp^,q. = {/ e C([0, 1], Mp„ M,J I /(O) e Afp„ ® 1m,„ and /(I) G lAf,„ ® 

for 1/ G N, and and are relatively prime. 

It was shown in [15 that Z is strongly self-absorbing in the sense of [31], and 
that it is KK-equivalent to the complex numbers. In [55], several alternative char- 
acterizations of the Jiang-Su algebra were given; see also [TU] and [H] . 

1.14 In order to show that a separable and unital C*-algebra A is -Z-stable, i.e., A = 
A(E) Z, it will suffice to construct approximately central unital *-homomorphisms 
from (arbitrarily large) prime dimension drop intervals to A; cf. |32', Proposi- 
tion 2.2]. Using [29i Proposition 5.1], to this end it will be enough to realize the 
generators and relations of |29[ Proposition 5.1(iii)] approximately - and in an ap- 
proximately central way. This was formalized in terms of the relations TZ{n, T ^ rj) in 
[101 Section 2]. For our purposes the following combination of [40 1 Propositions 2.3 
and 2.4] will be most useful. 

Proposition: Let A be a separable and unital C* -algebra. Suppose that, for any 
n € N, any finite subset T d A, and for any numbers < (5 < 1 and Q < C, < 1, 
there are a c.p.c. order zero map 

if' ■.Mr.^A 

and 

v' eA 

satisfying 

(i) ||K)V -(1a-^'(1mJ)||<^. 

(ii) v'ivT e (^'(en) - C)+^(^'(eii) - C)+. 

(iii) II [(^'(a;), a] II < 6\\x\\ for all x £ Mn, a e T, 

(iv) II [v', a]\\ < 6 for all a £ T. 

Then, A is Z-stable. 

2. PURE C*-ALGEBRAS 

In this section we define and relate several versions of comparison and almost di- 
visibility of a C*-algebra (or its Cuntz semigroup, respectively). The notion of a 
pure C*-algebra is based on these concepts. 

2.1 Definition: Let A be a separable, simple, unital Q* -algebra and m G N. 

(i) We say A has m-comparison of positive elements, if for any nonzero pos- 
itive contractions a,bo, . . . ,bm S Moo{A) we have 

a^bo® . . .®b^ 

whenever 

dr{a) < dr{bi) 
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for every t G QT{A) and z = 0, . . . , m. 

(ii) A has tracial m-comparison of positive elements, if for any nonzero positive 
contractions a,bo, ■ ■ ■ jKn, G Moo{A) we have 

a<bo® ...®bm 

whenever 

dr{a) < T{hi) 

for every t G QT{A) and i — 0, . . . , m. 

(iii) A has strong tracial m-comparison of positive elements, if for any nonzero 
positive contractions a,b d AIoo{A) we have 

whenever 

dr{a) < -^—-Tib) 
m + 1 

for every r £ QT(A). 

2.2 Remarks: Let A and m be as above. 

(i) Note that O-comparison is the same as strict comparison as defined in [28) ; 
we wiU occasionahy just write 'comparison' for brevity. Note also that 
tracial comparison and strong tracial comparison (i.e., in the case m = 0) 
agree, and that strong tracial m-comparison implies tracial m-comparison. 
(We will derive a partial converse below.) 

(ii) The definition of m-comparison above differs slightly from that of |25] 
since here we restrict ourselves to the case of simple C*-algebras. In this 
situation, it is not hard to show that Definition l2.1f i) and Definition 2] 
are in fact equivalent (using |251 Lemma 1] and an argument similar to that 
of Proposition 12.41 below). 

(iii) I regard m-comparison as an algebraic interpretation of dimension. This is 
the reason why I write 'm-comparison' when the definition involves m -I- 1 
positive elements bi, as this notation is more coherent with what is common 
in dimension theory. The same comment applies to (strong) tracial m- 
comparison and to m-almost divisibility, see Definition 12.51 below. 

2.3 Proposition: If A is separable, simple and unital, then A has m-comparison 
if and only if A has tracial m-comparison. 

Proof: We have r(6) < dr{b) for every t e QT{A) and whenever 6 is a positive 
contraction, so clearly m-comparison implies tracial m-comparison. 

For the converse, let a, 6o, . . . , 6m G Moc{A) be positive contractions such that 

dr{a) < dr{bi) 



for every t £ QT{A) and i = 0, . . . ,m. By passing to a matrix algebra, we may 
assume that a,bi S A. 
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Let e > 0, then 

< dr{a) 

< dr{bi) 

= limT(5,,,2,,(foi)) 

for every t G QT{A) and i = 0, . . . , m. By Dini's Theorem (cf. I1.7P there is 77^ > 
such that 

-r(/e,2e(a)) < r{g^^^2nAh)) 
for every r G (3r(A) and i = 0, . . . , m. We obtain 

for every t £ (5r(A) and i = 0, . . . , m, whence 

/2e.3£(a) ;i 5r,.,2r,, (^o) © ■ ■ • ® 9ri,av, i^^ri) bo ® . . . ® 

by tracial m-comparison. Since e > was arbitrary, this yields 

a;^6o©...®5„, 

as desired. I 

2.4 Proposition: Let A be a separable, simple, unital C* -algebra and m G N. 
Suppose that, whenever a,b £ Moa(A) are positive contractions and rj > is a 
number such that ^ 

dria) < — - • r(6) - 7] 

m + 1 

for every r £ QT{A), then a ^ b. 

Then, A has strong tracial m-comparison. 
Proof: Let a,b € Moo{A) be positive contractions such that 

d.(a)<-^.r(6) 

for every r e QT{A). 

If a is Cuntz equivalent to a projection, we may as well assume that a is a 
projection itself. In this case, 

T{a)^dr{a) < -^—-rib) 
m + 1 

for every r e QT{A). Since A is simple and unital, the assignment 

T M> • rib) — T(a) 

m+1 ^ ' ^ ' 

is a strictly positive continuous function on the compact space QT{A), whence there 
is ?7 > such that 

• T{b) ~ dr{a) = • T{b) ~ T{a) > ry 

TO + 1 m + 1 

for all T G QT{A) (cf. II. 6p : we now have a 6 by our hypothesis. 

If a is not equivalent to a projection, then is an accumulation point of its 
spectrum and a — /e,2e(a) is positive and nonzero for any e > 0. But then 

T(a - /e,2£(a)) > Ve 
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for some 77^ > and for all r e QT{A) (again of. II. 6p . 
We now estimate 

< drif2e,3eia)) + dria - f^^2e{a)) 

< dr{a) 
rn + i 

using the fact that /2e,3e(a) and a — /e,2e(a) sue orthogonal, with sum dominated 
by a. By our hypothesis we then have /2e,3e(a) ^ b; since e > was arbitrary, this 
implies a ;^b. I 

2.5 Definition: Let A be a unital G* -algebra and m e N. 

(i) A has m-almost divisible Cuntz semigroup, if for any positive contraction 
a e Moo{A) and 7^ fc G N there is x e W{A) such that 

k-x <{a) <{k + l)(m + 1) • a;. 

(ii) We say A is tracially m-almost divisible, if for any positive contraction 
a e Moo{A), e > and 7^ fc G N there is a c.p.c. order zero map 

: Affc ^her(a) C M^oiA) 

such that 

r(^(lfc)) > •T(a)-e 
m + 1 

for all T e QT{A). 

2.6 Definition: Let A be a separable, simple, unital C* -algebra and m,m G N. 

(i) We say A is {m,7fi)-pure, if it has m-comparison of positive elements and 
if it is fh-almost divisible. We say A is pure, if it is {Q,Q)-pure. 

(ii) We say A is tracially {m,fh)-pure, if it has strong tracial m-comparison 
of positive elements and if it is tracially m-almost divisible. We say A is 
tracially pure, if it is tracially (0,0)-pure. 

2.7 For convenience, let us note the following combination of results by R0rdam 
explicitly. 

Proposition: A separable, simple, unital and Z-stable C* -algebra is pure. 

Proof: By [28l Theorem 4.5], a Z-stable C*-algebra A has almost unperforated 
Cuntz semigroup, hence comparison (see, for example, [23l Proposition 2.1]). 

To show almost divisibility, let 7^ fc G N and let a G M.^{A) be a positive 
contraction. By [281 Lemma 4.2], there is a positive contraction e £ Z such that 

fc- (e) < I2 < (fc + 1) • (e). 

Now a (g) e G Afoo {A ® Z) will satisfy 

(2) k ■ {a ® e) < a ® Iz < {k + I) ■ {a ® e) 

in W{A®Z). 
By |31) there is an isomorphism 

LP : A^ A®Z 
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which is approximately unitarily equivalent to the embedding 

idA^lz : A®Z. 

This in turn implies that idA(S>lz and (p both induce the same isomorphism between 
Cuntz semigroups, say 

■0 : W{A) A W{A(g,Z), 

whence 

(3) ,p-\{a®lz))^{a). 
It follows from @ and © that 

X V^^((a®e)) G 

satisfies 

fc ■ X < (a) < (fc + 1) • a;, 
as desired. I 

2.8 Proposition: Let A be a separable, simple, unital C* -algebra and m G N. 

If A has m-almost divisible Cuntz semigroup, then A is tracially m-almost divis- 
ible. 

Proof: Let a G Moo{A) a positive contraction, e > and ^ fc G N be given. By 
passing to a matrix algebra over A, we may as well assume that a £ A. 

Choose fc G N such that k divides k and such that 

1 e 
k'^2' 

By m-almost divisibility, there is a; G T4^(A) such that 

(4) k ■ X < {a) < {k -\- l){m -\- 1) ■ X. 

Suppose that x — (6) for some positive contraction b G Mr (A) and r G N. We then 
have 

1 1 13 - 

— - • T(a) < — • dria) < (fc + 1) • drib) 

m + 1 m + 1 

for every r G QT{A). 
Since 

drib) = lim Tign.2r,ib)) 
for every r, by Dini's Theorem (cf. II. 7p there is r/ > such that 

(5) ■ ria) < i~k + 1) ■ Tig^,2r,ib)) + ^ 
for every r G QTiA). We also have 

(6) rig^,2nib)) < drib) f i • d.(a) < ^ < |, 
whence 

1 H,© _ 

771+1 

for every t G (3r(A). 
Since 

k ■ X < (a). 
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by Proposition 11.121 there is a c.p.c. order zero map 

ijj : Mj, ^ her(a) C A 

such that 

•0(611) « 5)),2,,(6), 

which in turn implies that 

1 

r{^iW) = k ■ T(^(en)) = k ■ r((7^,2r,(&)) > • T(a) - e 

for every r e (3r(A). 

Upon composing ■0 with a unital embedding of Mk into A/^. (fc divides k), we 
obtain ?/) as desired. I 

2.9 Proposition: Given m,m £N, there is m e N swc/i that the following holds: 

If A is a separable, simple, unital G* -algebra which has tracial m-comparison and 
tracial fh-almost divisibility, then A has strong tracial m-comparison, i.e., A is 
(rh, fn)-pure. 

Proof: Take 

(8) m := (m+ l)(m + 1) - 1. 

Now suppose we have positive contractions a, G A and some 77 > with 

(9) dr{a)<^^-T{h)-^ 

m + 1 

for all T e QT{A). By Proposition [2]4] it will suffice to show that a -<b. (We do 
not have to consider matrix algebras, since any matrix algebra over A satisfies the 
hypotheses of the proposition just as A does.) 

By tracial m-almost divisibility, there is a c.p.c. order zero map 

il) : Mm+i her (5) C A 

such that 

(10) r(V'(Wi)) > ^ • T{b) - ^ . ry 

m + 1 TO + 1 

for aU T e QT{A). Then © and ^ together give 

TO + 1 

drW < T{lp(lm+l)) 
TO + 1 

[LSI (to+1)(to + 1) 



(to + 1) 
= ^(^-(611)) 

for all r G QT(A); by tracial TO-comparison and since has order zero, we obtain 

a :i V'(im+i) ;i b, 

as desired. I 

2.10 Let us explicitly note the following corollary, in which m comes from Proposi- 
tion [2Jl 



Corollary: If A is separable, simple, unital and {m,m)-pure, then A is tracially 
{rh, fa)-pure. 
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Proof: This combines Propositions 12.31 [2^ and f 

2.11 The final result of this section says that pureness and tracial pureness are in 
fact equivalent. At this point I do not know whether Corollary 12.101 admits a more 
general converse. 

Theorem: Let A be a separable, simple and unital C* -algebra. 

Then, A is pure if and only if A is tracially pure. 

Proof: The forward implication is a special case of Corollarv l2.10[ observing that 
Proposition 12.91 vields m = if m = rn = by ([8|). 

So let us assume that A is tracially pure, i.e., A has strong tracial comparison 
and is tracially almost divisible. 

But strong tracial comparison is just tracial comparison, which implies compari- 
son by Proposition [231 It therefore remains to show that W^(A) is almost divisible. 

To this end, let a e Moo{A) be a (nonzero) positive contraction and 7^ fc £ N a 
number; we need to find x G such that 

k ■ X < {a) < {k + 1) ■ X. 

By passing to a matrix algebra over A, we may clearly assume that a E A. 

We first consider the case when a is Cuntz equivalent to a projection, so that we 
may as well assume that a itself is a projection. But then 

(11) T{a) = dria) 
for aU T G QT{A); by [T6] there is (5 > such that 

(12) dria)=T{a)>S 
for every r G QT{A). 

By tracial almost divisibility there is a c.p.c. order zero map 

ip : Mk ^ her(a) C A 

such that 

(13) r{^^i^))>T{a)--^^dria) ^ 



k + 1 ^ ' k + 1 
for every r G QT{A). But then we have 

{k + I) ■ drmen)) > (fc + l)-T(^(en)) 
lT3t 1 

> -{{k + l)-T{a)~5) 

— dr(a) + - ■ [dr(a) ~ d) 
k 

(14) > dr{a) 

for every r G QT{A). Setting 

we obtain 



(V'(eii)), 



dr{{k + 1) ■ x) = (k + 1) ■ dr{x) > dr{a) 
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for all T, whence 

(a) < (fc + 1) • a; 

by comparison. We have 

k ■ X < (a) 

since V'(lfc) G her(a). 

We now consider the case when a is not Cuntz equivalent to a projection. But then 
is an accumulation point of the spectrum, and (using II. 6|) it is straightforward 
to construct a strictly decreasing sequence (77/)/gN of strictly positive numbers such 
that the elements 

ai ■= 5r;,,2),,(a) G A 

form a strictly increasing sequence of positive contractions, satisfying 

(15) r(a;) > dr(a;-i) > T(a/_i) 
for alll >1 and t G QT{A); note that 

(16) dr{ai) dr{a) 
for all T by lower semicontinuity. 

For 1 < / G N, set 

1 mj 

(17) q := -•(T(aO-rfr(a;-i)) > 0. 

By tracial almost divisibility, for each / £ N there is a c.p.c. order zero map 

(18) Vi : Mk her(aO 
such that 

(19) T{i^i{U))>T{ai)-ei 
for every r G (5T(A). We then have 

dr(a) > (ir(V'i(lfc)) 

> T(^i(lfc)) 
1191 

> T{ai) ~ ei 
GU 

> dr(ai-i) 

mi 

(20) > drii'l-liW) 

for alU > 1 and r e Qr(A). 
Set 

a:; := (V-^eii)) £ VK(A), 

then 

(21) dr{k ■Xi)=k- dr{xi)^dr{MW) 

for all I and r; by (1^ we have 

dr{xi) < dr{xi + i) 

for all I and r, so comparison yields 

xi < Xl+i < ... 
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and 

ll20l.|[2il 

k ■ xi < k ■ xi+i < . . . < (a). 

Let 

X := sup{a;;} G W{A ® /C) 
be the supremum of the xi, cf. [7] or [S]; it foUows from ^ that in fact 

X G W{A) C VK(A«)/C). 

By [7] we also have 

k ■ X ~ sup{fc ■ x{\ < (a). 

Moreover, we have 

dr{x) = \ ■ dr{k ■ x)> \ ■ dr{^pl{lk)) 7 ' dr{a) > 0, 

k k k 

whence 

dr{a) < (fc + 1) • dr{x) = dr{{k + 1) • x) 
for all T G QT{A). Comparison yields 

(a) <(k + l)-x. 
We have now found x G such that 

fc • X < (a) < (fc + 1) • x, 
regardless of whether a is equivalent to a projection or not. | 

3. PURENESS AND NUCLEAR DIMENSION 

Corollarv 16.31 below says that separable, simple, nonelementary, unital C*-algebras 
with finite nuclear dimension are Z-stable; together with Proposition l2 . 7l this entails 
pureness. 

As an intermediate step towards 2-stability we prove in this section that, for sep- 
arable, simple, unital C*-algebras, finite nuclear dimension implies tracial (m, m)- 
pureness (for suitable m,m G N). The key features here are m-comparison as 
established in (5S] , and finite covering number of the central sequence algebra (see 
[T7] ) of a C* -algebra of nuclear dimension at most m. 

3.1 The following definitions are collected from [19], [39] and [43]. Note that in 
(iii) , we may additionally ask for the composition o ■(/i to be contractive by |43l 
Remark 2.2(iv)]. 

Definition: Let A he a G* -algebra, m G N. 

(i) A c.p. map ip : F A is m-decomposahle (where F is a finite- dimensional 
C* -algebra), if there is a decomposition 

F = © . . . ® 

such that the restriction t^'-'-* of if to i^''-* has order zero for each i G 
{0, . . . , m}; we say ip is m- decomposable with respect to F = F^^^ © ... © 
pi™) ^ 
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(ii) A has decomposition rank m, dv A = m, if m is the least integer such 
that the following holds: For any finite subset Q <Z A and e > 0, there 
is a finite- dimensional c.p.c. approximation (Fjip^ip) for Q to within e 
(i.e., F is finite- dimensional ^ : A ^ F and ip : F A are c.p.c. and 
11(^9-0(6) — 6|| < e Vfe G Q) such that ip is m-decomposable. If no such m 
exists, we write dv A = oo. 

(iii) A has nuclear dimension m, dininuc^ — m, if m is the least integer such 
that the following holds: For any finite subset Q (Z A and e > 0, there is a 
finite- dimensional c.p. approximation (F^ip^ip) forQ to within e (i.e., F is 
finite- dimensional, ip : A F and ip : F ^ A are c.p. and \\ip'ip{b) — b\\ < 
e\/b E Q) such that ip is c.p.c, and ip is m-decomposable with c.p.c. order 
zero components i^s'*-'. If no such m exists, we write dininuc^ = oo. 

(iv) A has locally finite decomposition rank ( or locally finite nuclear dimension, 
respectively), if for any finite subset G (Z A and e > 0, there is a C*- 
subalgebra B G A such that di B < oo (or dininucS < oo , respectively) 
and Q Cg B. 

3.2 The fohowing is contained in the proof of [43l Proposition 4.3]. An exphcit 
proof is extracted here for convenience of the reader. 

Proposition: Let Abe a unital and separable Q* -algebra with dininuc^ <m< oo. 

Then, there is a system of finite- dimensional m-decomposable c.p. approximations 
for A 

such that the 

ipp-. A-^ Fp 

are c.p.c. maps, the 

: ^ A 
are c.p.c. order zero maps, and such that 

(22) yj,Mb)-b\\''^0, 

(23) ||[^p^,(6),^«(0W(l^))]r-^O 
and 

(24) ||6^W(0«(1^)) - ^«0«(6)|| 
for all b e A, i e {0, . . . , m}. 

Proof: Choose a system 

(fp = F^o) © . . . ® F^™), Vp, = E ) 

\ 1=0 / pgN 

of m-decomposable c.p. approximations for A such that ((22)) holds and the maps 

V'p, Vp \ '/'pV'p 

are all c.p. contractions. 
For each p G N, we define 

ipp{.) := V'p(1a)"^p(-)V'p(1a)"^ 
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where the inverses are taken in the hereditary subalgebras 

Fp := her(V'p(lA)) C Fp 

and 

Vpi ■ ) <^p(V'p(1a)^ ■ V'p(Ia)^), 

then 

(fipi^p = ippifjp; 

moreover, the 

ipp-. Fp 

are unital c.p. and the 

(Pp : Fp ^ A 

are c.p.c. maps. 

From [ini Lemma 3.6], we see that for i G {0, . . . , m}, p G N and any projection 
Qp G Fp we have 

\\<fp{qp-4'p{a)) - (pp{qp)'fpti^p{a)\\ 

< 3 • ma.x{\\ippij;p{a) - a\\, ||(^p-0p(a^) - a^||}2 , 
from which follows that 

y^;^4'\a) - v(;^(;HiA)^p^Pp{a)\\ o 

for any a G A, i.e., (|24|) holds. From this we obtain (f23| by taking adjoints. I 

3.3 Remark: A celebrated result of U. Haagerup says that every quasitrace on an 
exact C*-algebra is a trace, see [13]. In [6], N. Brown and the author give a short 
proof of this fact in the case of C*-algebras with locally finite nuclear dimension. 

3.4 In [43l Proposition 4.3] it was shown that if A is separable, simple, nonelemen- 
tary and unital with dim,iuc^ ^ ™, then ClA' (where is a free ultrafilter on N) 
has Kichberg covering number (in the sense of jJl) most (rn + 1)^. If A is unital, 
then the proof shows that in fact A^ n A' has covering number at most (to + 1)^. 
We note here a straightforward generalization of that result. The proof involves a 
standard diagonal sequence argument, which is spelled out explicitly since it will 
appear repeatedly in the sequel. 

Proposition: Let A be a separable, simple, nonelementary and unital C* -algebra 
with dimnuc^ < to < oo; let X C Aoo be a separable subspace. 

Then, for any A: G N there are c.p.c. order zero maps 

(25) V^'^ , • • • , : Mk © Mfe+i -^A^r\A'r\X' 
satisfying 

(26) ^^''Hlfe©lfe+i) > 

J=l 

Proof: By (the proof of) [131 Proposition 4.3], there are c.p.c. order zero maps 

(27) (^(1), . . . , : Mk © Mfe+i ^ ^oo n A' 
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satisfying 

(m+l)2 

(28) ^^'\^k®lk+l)>lA^- 

For each j, let 

(^(^■) -.Mk^Mk+i^YiA 

N 

be a c.p.c. order zero lift of (p'^^'^ (cf. [19^ Remark 2.4]) with c.p.c. order zero com- 
ponents 

(^P^ : Mk (S Mk+i ~>AJen. 

Let 

{xi\ieN}cX 
be a countable dense subset; for each i G N let 



be an isometric lift of Xi . 

Since (p^^^ lifts (p'^^\ using (f27| it is straightforward to find a strictly increasing 
sequence (Zr)rGN C N such that for each r G N, i < r and y G Mfc © Mfe_|_i we have 

(29) \m'ii\y),^^.r]\\<^\\y\\■ 

We obtain c.p.c. order zero maps 

N 

which induce c.p.c. order zero maps 

^/;(^) : Mk ® Mfe+i ~> ^^o, j = 1, ■ • ■ , (™ + !)'• 

The images of the V'^"''' commute with X by (P^ . they commute with A by (P7)) : 
((26| follows directly from I 

3.5 It was shown in ^35l Lemma 6.1] that decomposition rank at most m implies m- 
comparison (in the simple and unital case; it was observed in |23] that essentially the 
same proof holds also in the general situation). Let us recall a result of L. Robert, 
[251 Theorem 1], which establishes the respective statement for nuclear dimension. 
Note that the theorem indeed applies since our definition of m-comparison agrees 
with that of [IS] in the simple situation, cf. I2.2f ii) . 

Theorem: (L. Robert) If A is a separable C* -algebra with dimnuc^ < 'm-, then A 
has m-comparison. 

3.6 The following proposition nicely illustrates a technique which will be used fre- 
quently in the sequel, in particular in Sectional 

Proposition: Given m, fc G N (with k > 1), there is 1 < L,n,k £ N such that the 
following holds: 

If A is a separable, simple, nonelementary and unital C* -algebra with dimnuc^ < 
m, and if X G {Aao)+ is a separable subspace, then there are pairwise orthogonal 
positive contractions 

d^^\...,d^'''> eA^nA'nx' 
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such that 

(30) r(dWfe) > •T(fe) 

J-^7n,k 

for all b e C*{A,X)+ C A^o and r e Too{A). 

Proof: For fc = 1 we may take := 1 and d^^^^ := 1a^, so let us prove the 

statement for k = 2. 

Take 

(31) L„,2 := 2(771 + 1)2 + 1; 
for notational convenience set 

(32) fc := 2(777 + 1)2. 
By Propositfon 13.41 there are c.p.c. order zero maps 

7/;(i\ . . . , : © Mfe+i A^o D A' D X' 

satisfying 

(>n+l)2 

^ V(-'")(lfe®lfe+l)>l^^. 



Wc then have 



(33) r| ^ ^0)(eii©en)&) > ^•T(6) 



for all T e Too (A) and b G C*(A, X)+ (using the fact that '(/)(■')(. )6 is a c.p.c. order 
zero map, and that the composition of an order zero map with a trace is again a 
trace bvlL^l). 

For 7/ > 0, define 
(34) :=5,,2, ^*'Hen®eii) 



and 



^(m+l)" 

(35) d«:=l^^-go,J ^ V-'^'^ (en © en) 



We have 



and 



d'^\S^^ eAooHA'nx' 



113,131 1 

(36) r(4°)&) > _.r(6)-7? 
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for all T e roo(^) and all b e C* {A, X)+ of norm at most one. Moreover, for all 
T G Too{A) and all b E C*{A, X)-^- of norm at most one we estimate 

/ /(m+lf 



< lim T ^ il>^^\eii ® en) \ b 



(m+lf 

< y lim r((7/;W(en©eii))i/'6) 

y lim r((i^(^))i/'(eii®eii)6) 

(m+l)2 



whence 

(37) r(d«6)> fl-i) •r(6) = i.r(6). 



Here, for the second estimate we have used that the map 

a ^ lim T{a^^^b) 

is a dimension function on 

C*(V(-''neii © en) \j = l,...,{m + if) C A^ A' D X' , 

and as such respects the order structure of the Cuntz semigroup, cf. [2]; for the 
third inequality we have used that 

r((^«)i/'(.)&):M^®A%i^C 

is a trace bv ll.81 (cf. the argument for (|33t ). 

Taking for 77, we then obtain sequences 

(38) ,(d(_V) c^oon^'nx' 

of positive contractions satisfying 
(39) 

i+i (+1 

and (by ([36| and (jST]) ) 

(40) K^S.O^ITT-^^^^-TTT'^-'^'^' 
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for each / e N, r £ roo(^) and b £ C*{A, X)+ of norm at most one. 
For each I e N and i = 0, 1, let 



be a sequence of positive contractions lifting c?|^ . Let 

be a nested sequence of finite subsets in the unit ball of A)^ such that the 
image of IJjgjjC/; C ^oo is a dense subset of the unit ball of C*{A, X)+. 

We claim that for each I e N there is if/ G N such that 

(41) ^^'^rfr)>J^-r(fr)-jl^ 

for i = 0, 1, for each r G T{A), each {fr')r'et>i G Gi and for each r > Ki. 

Indeed, if this was not true, then for some I G N there were i G {0, 1}, (/r)reN G Gi, 
an increasing sequence {rs)sefi C N and a sequence (Ti.)^^^ C T{A) with 

(42) < ^-T.a.J- 



Let w G /?N \ N be a free ultrafilter, then 

[(ar)rGN] H> lim (fl^ J 

UJ 

is a trace in Too (A). Taking the limit along uj on both sides of (|42|) . we obtain a 
contradiction to (|40|) . hence the claim holds. 

On increasing the Ki , if necessary, we may also assume that they form a strictly 
increasing sequence, that 

(43) IM1MVII<7^ 

and that 

(44) \\{4%fr]\\<j^,^-0A, 

for any r > Ki and any (/r')r'eN G (using and ([55)1 ). 
We now define sequences 

N 

of positive contractions by 

|0 ifr<A'o. 

By combining with (jH]), (pij) and the facts that the Gi are nested and the 
Ki are strictly increasing, it is straightforward to check the following properties: 

(a) lldT^jWr^O 

(b) ||[dr /r]|| ''-^ 0, i = 0, 1, for every (/r)rGN e IJ/eN 
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(c) for any 6 > and any (/r)rGN £ U;gn there is r e N such that 
T(d«/.)>^-r(/,)-<5,z = 0,l, 
for any r > r and any r G T{A). 

Then, 

d« := [(d«V6N]e^oo,i = 0,l, 

will have the desired properties: They are positive contractions because all the df''' 
are; they are orthogonal because of (a) and they commute with C*{A,X) because 
of (b). Finally, (c) shows that for any r e Too{A) and any b G C* {A, X)+ we have 

> J- ■ T{b) # • T{b), z = 0, 1. 

fc + 1 Lm,2 

This proves the proposition for k = 2. 

Let us now use induction to handle the cases when fc = 2' for 1 < Z e N. The 
anchor step I = 1 has already been taken care of, so let us assume that the statement 
of the proposition holds for fc = 2' for some I > 1, with constant L^ 2' positive 
elements 

Set 

and apply the first part of the proof (with 

X:=XU{d(i),...,d(2')| 

in place of X) to obtain positive elements 
Set 

r(2(o)d(^) if 1 < j < 2' 



it is straightforward to check that these indeed satisfy the assertion of the proposi- 
tion. 

This settles the case A; = 2' for 1 < Z e N. The case of general A; G N is an 
immediate consequence. I 

3.7 Proposition: Given to G N, there is rh such that the following holds: 

If A is a separable, simple, nonelementary and unital C* -algebra with dimnuc^ < 
m, then A has tracial fh-almost divisibility. 

Proof: Invoke Proposition 13.61 to define 

(46) TO := Lra,(m+iy^ - 1- 

Let 6 G A a positive contraction, fc G N and e > be given. (Since any matrix 
algebra over A will satisfy the hypotheses of the proposition just as A does, to test 
tracial TO-almost divisibility, it will suffice to consider a positive contraction b in A, 
as opposed to Moo (A).) 
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Choose fc G N such that 

(47) < 7 
^ ' k + 1 4 

and such that k divides k. Use Proposition 13.41 to find c.p.c. order zero maps 
such that 

(48) 5] ^«(l,©l,+i)>U^. 
Take pairwise orthogonal positive contractions 

v 

as in Proposition (with {m + if in place of k and Ut™!^ (^fe ® ^fe+i) in 

place of X). 

We then obtain a c.p. map 
by setting 

(m+l)2 

(49) (^(a;):= ^ ^M(a;)dM; 

r=l 

since the d(^) are pairwise orthogonal and commute with the images of the c.p.c. 
order zero maps ip'^^^ , the map if is itself c.p.c. order zero. Note that we have 

T{b(p{ejj © ejj)) = T{bCp[eii © en)) 



> 

- L 



r V 6v3W(eii ©en) 



im,(m+l)Hfc+ 1) ' ^ 



mil 1 
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for j — 1, . . . ,k and for all r G Too {A) (for the first equality and for the second 
inequality we use Remark ll.Sl cf. the argument for (|33|)). From this we obtain 



k 



> T &(y5 ^ en © eu 



1=1 



€ 



> t(6) - = 

Lm,{m+l)^ k+1 4 

113 1 e 

(51) > J r(6)-- 

for aU r G Too (A). 
Let 



(52) ^ = (^OiGN : ^ Kn^) ^ ^ 



be a c.p.c. order zero lift (cf. [191 Remark 2.4]) of the c.p.c. order zero map 

X ^ fe/4,e/2{b)'fi{x). 

We claim that there is Z G N such that 

(53) ""n ® ) | > ^ t(6) - e 

for ah T G T{A). 
If not, then for every I G N there is some ti G r(A) such that 
fc 



n 



W {^(^33® (^33 < 7 Ti{b)-e; 



y3 = i 

let u! G /3N \ N be a free ultrafilter, then 

limr; I I ejj ® ejj 1 1 < limT;(6) - e, 

a contradiction to (|51l) . thus proving the claim. 
Let 

ii : Mfc M-k 
be a unital embedding (fc divides fc) and let 

i2 : Mfe ^ 

be the upper left corner embedding; set 

L := (idMs ® ^2) o ti : Mk ^ Mfe © M^+i 
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and 

(54) ip-.^iffOL, 
then 

ip : Mk^ her(6) C A 

is c.p.c. order zero (cf. ([52l) ) and 

El, mil 1 Bel 1 

> 7 r{b)-e^ —-■r{b)-e 

for all T 6 T(A). I 

3.8 Proposition: Given m G N, t/iere is m £ N such that the following holds: 

If A is a separable, simple, unital C* -algebra with dininuc^ 5: "rn, then A has 
strong tracial ffi- comparison. 

Proof: Take 

(55) TO := Lm.(m+iY • (to + 2) - 1, 

where im,(m+i)2 comes from Proposition 13.61 

Since any matrix algebra over A will satisfy the hypotheses of the proposition just 
as A does, to test strong tracial TO-comparison it will suffice to consider positive 
contractions a and b \n A (as opposed to Moo{A)). In view of Proposition 12.41 it 
will suffice to show that, if 

(56) d^(a)<_i^.r(6)-77 

TO + 1 

for some 77 > and for all r £ T{A), then 

/.,2.(a) < b 

for any given e > 0. (We may use traces as opposed to quasitraces by Remark [231) 
So, let a, 6, rj and e as above be given. We then have 

{56} 1 1 n 

(57) T{g^/2^,{a)) < dr{a) < ^— ■ T{b) - t] < ■ T{g /2^ {b)) - - 

TO+1 TO+1 ' 2 

for all r G T{A). Use Proposition 13.41 to find c.p.c. order zero maps 

(58) ^(1) , . . . , (^(("+1)') : M^+i © ^A^nA' 
such that 

(59) J2 ^''^(l^+i ® l™+2) > 
Take pairwise orthogonal positive contractions 

(60) . . . , 6 n A' n ( y ^(^'^ (M„+i © M„+2) 

as in Proposition 13. 61 (with (to + 1)^ in place of fc). We then have 

(61) T(c^(^')(en ® eii)S^y) ? ^ T(c^(^')(en © en)) 

-'^m,(m+l)2 
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for all j = 1, . . . , (m + 1)^, c e A+ and t e Toc{A). Let 



ip : M„+i © M„+2 ^ bA^b 

be the c.p. map given by 

(62) ^(.):= E 5./2,.(%^^'n-)d^^'^ 

i=i 

using ([55)1 and (pOj) and mutual orthogonality of the d^^-' one checks that (f in fact 
is a c.p.c. order zero map. We compute 

T((^(eii © en)) 



113 1 / x-^ 

> 7 r > <?„/2,^W¥'^-'neii ® en) 

^m,(m+l)2 \ ^.^^ 

^ /(m+l) = 

- 7 ? T^'^ E 9v/2.nib)'P^^H^m+l®lm+2) 

im,(m+l)2 • (m + 2) \ 



dm 1 



> 



^m, ("1+1)2 • 



mil 1 , 

= ^— -r • T 6)) 

m + 1 

1571 n 
(63) > r(5./2,e(a)) + | 

for all T e roo(^)- For the second inequality we have once more used 11.81 as in the 
argument for ([55)1 : for the last inequality we restrict r to A, so that ([57)) indeed 
applies. 

Take a c.p.c. order zero lift (cf. [191 Remark 2.4]) 



(64) $ = ($OieN : A/m+i © AW2 ^ HH^j^^n^ 

N 

of the c.p.c. order zero map (p. 
We claim that there is Z G N such that 

(65) T($Keii © en)) > T{g,/2,e{a)) + | 

for aU T G T{A). If not, for every I e N there is r/ e r(yl) such that 

T;($i(en © en)) < T/(5,/2,e(a)) + |; 
for a free ultrafilter w G /3N \ N we obtain 

limT;($;(en ©en)) < limr;(5e/2,e(a)) + t, 

u} a; 4 

a contradiction to ([55)) . 
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We obtain 

lest 

rfr($r(eii ®en)) > r($;(eii ®eii)) > r(5,/2,,(a)) + ^ > d^(/,,2e(a)) 

for all T G T{A). Now by m-comparison (see Theorem I3.5P and since is c.p.c. of 
order zero, we have 

ni+l ^ 

as desired. I 

3.9 We note the following direct consequence of Propositions [3771 and [3T8l explicitly. 

Corollary: If A is a separable, simple, nonelementary and unital C* -algebra with 
finite nuclear dimension, then A is tracially (m,fri)-pure for suitable m,m gN. 

4. Tracial matrix cone absorption 

We now set out to prove a refined version of [301 Lemma 3.10], Lemma UTTT] below. 
The strategy is to isolate some of the abstract machinery in [JDJ Section 3] so that 
we do not have to ask for finite decomposition rank (or finite nuclear dimension) 
beforehand. 

4.1 Proposition: Let A be a separable, simple, unital C* -algebra with tracial 
m-almost divisibility, let ^ k Cz N and d G Aqo be a positive contraction. 

Then, for any rj > there is a c.p.c. order zero map 



such that 

for all T e roo(^). 
Proof: Let 



Lp : Mk dA 



'(^(Ife)) > ^^•r(rf)-77 



N 

be a positive contraction lifting d. Set 

d ■= 9ri/2.rjid) = {grj/2,ri{dn))neN- 

For each n G N, by tracial m-almost divisibility there is a c.p.c. order zero map 

(66) : Mfe ^ her(5^/2,^(J„)) C A 
such that 

r((p„(lfc)) > ^^j^ • r(5,,/2,^(4)) - I 

(67) > -^■r{dn)-V 

m + 1 

for all T eT{A). Let 

>f:Mk^Y[A 

N 

and 

ip: Mk ^ A^ 
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be the induced c.p.c. maps; it is clear (from ([66])) that 
whence 

go,,,/2{d)(f{ik) = </3(ife) 

and 



ip{Mk) C dA^d C 



Moreover, by (|67| we have 



1 



T{d) - r] 



m + 1 

for aU T eT^{A). I 

4.2 Proposition: Let A be a separable, simple, unital C* -algebra with tracial 
m-almost divisibility, let ^ k £ N and d G A^o be a positive contraction. 

Then, there are c.p.c. order zero maps 

ij^°\^p^^'> -.Mk-^A^nid}' 

satisfying 

m + I 

for all T G T^{A) and all f G Co((0, 1])+. 
Proof: Let 

d= (d,)geN e 

N 

be a positive contraction lifting d. Let {Gq)qi£N be a nested sequence of finite subsets 
of the unit ball of Co((0, 1])+ with dense union. For each g G N, it is straightforward 
to choose / G N such that the sawtooth functions /^j G Co((0, 1])+, given by 



if < i < ^ 

1 in = 

if J- < t < 1 

linear else 



and 



45(^-21;) else 



for j = 1, . . . ,Lq, satisfy 



f-9ifS)-f{j/Lq)-g{f:^i) 



< 



9+1 



for j = 1, . . . , Lq, i = 0,1, f £ Qq and g in the unit ball of Co((0, 1])+, and 



(69) 

for / G Gq. 



< 
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By tracial m-almost divisibility, for each g 6 N, « £ {0, 1}, j £ {1, ■ ■ • ,Lq} there 
exists a c.p.c. order zero map 



(70) 

such that 
(71) 



:M.^her(/«(d;))cA 



r(V^:klfc)) > 



for ah T S T{A). Since for fixed g G N and i G {0,1} the functions /g*],J 
1, . . . , Lg, are pairwise orthogonal, the maps 



i=i 

are c.p.c. order zero (by (ITO)) ). 
Using ([68|) and (|70p it is straightforward to estimate 

(72) /((i;)V'«(x)-5]/(j7i,).V«(x) 



< 



g + 1 



for g G N, i G {0, 1}, a; in the unit ball of {Mk)+ and f E Gq, whence 

2 



(73) 

Moreover, we have 



||[/(d;),^^^^(a;)]ll< 



9+1 



, i=0,l:j = l,...,L, 



> 



> 



m 



\2=0,l;j = l,...,Lg J 



1 



(^4) ^ 

for aU q G N, / G 5, and r G T(A). 
For i = 0, 1 let 

be the maps induced by the ipq ^; it follows directly from ([73l) and ([74|) that these 
have the desired properties. I 

4.3 The following will be a crucial ingredient for Propositions 14. 71 and 14. 81 which in 
turn are variations of Proposition 13.61 

Proposition: Let A be a separable, simple, unital C* -algebra with tracial m- 
almost divisibility, and let d G A^o be a positive contraction. 
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Then, there are orthogonal positive contractions 

do, die A^n{d}' 

satisfying 

(75) r(dj(rf))>-j^-^.r(/(d)) 

for all T e Too{A), all f G Co((0, 1])+ and i = 0,l. 
Proof: By Proposition 14.21 there are c.p.c. order zero maps 

V'i,V'2 : Mi ^ A^n{dy 

satisfying 

r((^i(eii) + ^2(eii))/(d)) > \ ■ T(/(d)) 

for all r G Tac,{A) and / G Co((0, 1])+ (note that r((V'i + V'2)( • )/((^)) is a trace on 
M4). 

For r/ > 0, define positive contractions 

5>7,2»)(^i(eii) + V'2(eii)) 

and 

(76) 1a„ - 50,^,(^-1(611) + ^-2(611)). 
We have 

and 

(77) > — ^ . r(/(d)) - rj 

for all r £ Too{A) and all / G Co((0, f])+ of norm at most one. Moreover, for all 
T G Too{A) and all / G Co((0, 1])+ we estimate 

t((1a^ -dW)/(d)) 1* r(5o,,(^i(eii)+V-2(eii))/(d)) 

< limT{{Meii) + Meii))'^'fid)) 

< lim T((^i(en))i/7(rf)) + 1™ r((V2(eii))^/'/(d)) 

^ hm T{^y'{en)f{d)) + lim T{^'/{en)f{d)) 
= limi.r(V.y'(l4)/(d)) 
+ lim i.T(V.2'/'(l4)/(d)) 

< i.r(/(d)) + i.r(/(d)) 
= ^-rC/ld)), 

whence 

(78) T«)/(d))>l.r(/(d)). 
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Here, for the second estimate we have used that the map a i-> Um;_i.oo T(a^/'/(c?)) 
is a dimension function on C*(V'i(eii), "02(611)) C Aoo H {d}', and as such respects 
the order structure of the Cuntz semigroup; for the third equahty we have used 
that ■ )f{d) : Ac^ is a c.p.c. order zero map, and that the composition 

of an order zero map with a trace is again a trace (cf. I1.8|) . 

Taking for 77, we then obtain sequences 

(79) fd(_i) Jd^2) ^A^n{dy 

of positive contractions satisfying 

(80) S°i±d^± 

l+l l+l 

and 

(81) r(S±f{d)) > ^^.r(/(d))-— -,^^0,l, 

V i+T / 4(m + 1) / + 1 

for each ^ G N, r G T'oo(^) and / G Co((0, 1])-|_ of norm at most one. 
For each I e N and i = 0,1, let 

{d^^UnellA 

N 

be a sequence of positive contractions hfting , and let 

l+l 

(dr)reN £ 

N 

be a sequence of positive contractions lifting d. Let {Qi)ii=n be a nested sequence of 
finite subsets in the unit bah of Co((0, 1])+ with dense union. 

We claim that for each I e N there is if/ G N such that 

(82) -(rf1?/K)) > ^^^^ • rim)) 

for i = 0, 1, for each r G T{A), each f & Qi and for each r > Ki. 

Indeed, if this was not true, then for some I G N there were i G {0,1}, / G Gi, an 
increasing sequence {rs)g^fi C N and a sequence (ts)^^^ C T{A) with 

(83) r.(dljj(d.j)<— ^— •r,(/(4J)- ^ 



4(m+l) ' ; + l' 

If w G /3N \ N is a free ultrafiher, then 

[(a,.)reN] i-> hm rs(ar J 

is a trace in Too{A). Taking the limit along oj on both sides of ((83)l . this yields a 
contradiction to ([8T|) . hence the claim holds. 

On increasing the Ki, if necessary, by (f79| and (f80| we may also assume that 
they form a strictly increasing sequence, that 

(84) IMl?e^ll< ' 



l + l 
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and that 

(85) \\[d^%dA\\<j^,i = 0,l, 
for any r > Ki. 

We now define sequences 

N 

of positive contractions by 

■ [0 ifr<KQ. 
The following properties are straightforward to check, using (|84p , (|85l) and (|82 

(a) ||d?)jW|f^O 

(b) \0\dr]r^O,i = O,l 

(c) for any 5 > and any / e Uzgn there is r G N such that 

ridi^^fidr)) > TT^TT • rifidr)) - <5, z = 0, 1, 
4(m + Ij 

for any r > f and any r G 

Then, 

will have the desired properties: They are positive contractions because all the dr 
are; they are orthogonal because of (a) and they commute with d because of (b) 
Finally, (c) shows that for any t G Tca{A) and any / G Co((0, 1])+ we have 

r{dj{d))> \ -T{f{d)),z = 0,1. 
4(m + 1) 

I 

4.4 The following will play a similar role for the proof of Lemma [4. Ill as [40j Propo- 
sition 3.7] does for [321 Lemma 3.10] 

Proposition: Let A be a separable, simple, unital C* -algebra with tracial m- 
almost divisibility, let ^ k ^ N and d G A^a be a positive contraction. 

Then, there is a c.p.c. order zero map 

$ : Mfe ^ n {d}' 

satisfying 

(86) T{^{U)d)>—^—^-T{d) 

4(m + ly 

for all T G Toc{A). 

Proof: For a given ?7 > 0, choose L G N with 

(87) l/L < Tj 

and a standard partition of unity of the interval (0, 1] 

h^;\...,hf eCo{{0,i]), z = 0,l. 
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as in ll.51 

Choose orthogonal positive contractions 

(89) do,dieA.^n{dy 

as in Proposition |4?3l By Proposition 14.11 there are c.p.c. order zero maps 
(90) 



for i = 0, 1 and I — 1, . . . , L satisfying 



(91) 

for all T e Too{A). 



T{^f,{U))>^-T{d,h^\d))~^ 



TO + 1 



The elements dih^i\d) are pairwise orthogonal (using (|89|. and since do -L di, 
and since the are pairwise orthogonal for fixed i), and so the images of the Lp^^\ 
are pairwise orthogonal by (|90p . whence the ip'^\ add up to a c.p.c. order zero map 



(92) 

One checks that 
(93) 



i=0,l;! = l L 



Y^f[hf\d))d-Y^j-f{hf\d)) 



1 113 

<- < , 



for any positive / G C((0, 1]) of norm at most one, from which follows that 



(94) 



i.i 



i,i 



for all X £ Mk- We obtain 
(95) 

for aU X e Mk- 
Moreover, we have 



\\[ipr,{x),d]\\<2rj\\x\\ 



T{ipr^{lk)d) 



l l92t 



(96) 



ll94l 

> 



113 

> 



> 



t93t.ll88t 

> 



i=o,i \;=i,...,L 



E^-f E 

^ TO + 1 \ ^ 

i=o,i y=i,..., 

E 4(to+ 1)2 ' I ^ 
1=0,1 ^ ^ y=i 



1 

4(to+ 1)2 



r(d) - 4?7 
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for any r G Tac{A). 

For Z e N, we may now take in place of 77, and apply the preceding construction 
to obtain c.p.c. order zero maps 

ip_i_ : Mk 

such that 

HU 1 4 

(97) T{ip^{U)d) > ———.T{d)- 



4(m+ 1)2 ^ ' / + 1 
for aU r e roo(^) and 

1 I95I 1 

(98) ll['P^(^),d]|| < ^ll^ll 
for all X G Mfc. 

Let 

{dr)ren £ 

N 

be a sequence of positive contractions lifting d, and let 

{<^l.,r)r&] ■ Mk ^Yl^ 
N 

be a c.p.c. order zero map lifting ip 1 . 
We claim that, for any I G N, there is ii'/ G N such that 

(99) ri^iAWdr) > ^(^J^^^2 ■ <dr) - 

for each r G T{A) and each r > Ki. 

If not, for some I G N there were an increasing sequence (rs)seN C N and a 
sequence {Ts)seN C T{A) satisfying 

1 5 



4(m+l)2 ' ' = ' / + 

a contradiction to (j97p . hence proving the claim (cf. the argument for 

Upon increasing the Ki , if necessary, we may also assume that they form a strictly 
increasing sequence and that 

l l98l 3 

(100) m,r{x),dr]\\ < 



l + l' 

for all X G Mfc and r > Ki. 
We now define a sequence 

of c.p.c. order zero maps by 



ifr ■ = 

From ([Tool) and (HH) we obtain 

(a) ||[i^r(a;),dr]|| for aU x G Mk 



fLr ii Ki <r < Ki+i 
iir<Ko. 



36 



WILHELM WINTER 



(b) for any 6 > there is r e N such that 

4(m + 1)^ 

for any r > f and r G T{A). 

Define 
by 

$(a;) := [{(fr{x))reti], 
then $ is a c.p.c. order zero map (since all the (fr are) satisfying 

\mM,),d]\\^o 

(by (a) above) and 

Tmik)d)>—^—^-T{d) 

4(m + 1)^ 

for any t G Too (A) (by (b) above). | 
4.5 The next proposition generalizes [40l 3.8]. 

Proposition: Let A be a separable, simple, unital G* -algebra with tracial m- 
almost divisibility, and letO ^ k gN. Suppose further that F is a finite- dimensional 
C* -algebra and let 

ip: F ^ 

be a c.p.c. order zero map. 
Then, there is a c.p.c. order zero map 

$ : Mfc n V5(T)' 

satisfying 

(101) t{^{U)v{x)) > \ ■ T{ip{x)) 

4(m + 1)^ 

for all X e and r e Tao{A). 
Proof: Write 

F ^ Mr, (S . . .(S Mr^ 

and let 

: Mr^ ^ Aoo 

denote the (pairwise orthogonal) components of if; let tt*^*^ denote the respective 
supporting *-homomorphisms. 

For i = 1, . . . , s, apply Proposition 14.41 to obtain c.p.c. order zero maps 

(102) :Mfc^ Aoon(p«(eJ''^)' 
satisfying 

r($«(l,)^«(e«)) > ^^.r(^W(eW)) 
4(m + 1)'^ 

for all T G Too(^), where {cpq} denotes a set of matrix units for Mr^. 
For 77 > 0, we may define pairwise orthogonal maps 



(103) : Mk ^ {go,r,{f^'^)iW)Aoo{go,vi^^''>)iW) 
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(106) T{%ilkMx)) > ^ ■r(^(x))-ry 



by setting 

(104) $W(y) := ^^«(e^?)(5o,.M^^)(el'^))<i>«(y)'r«(42) 
for y G Affe. One checks that 

i — 1, . . .,S 

is c.p.c. order zero, that 

(105) [$^(Mfe),^(F)] -0, 
and that 

1 

4(to + 1)2 

for all X e of norm at most one and for all r G Too (A) (using (I102p . (jl03l) . 

(nni). 

For / G N we may now take in place of rj and choose c.p.c. order zero maps 

■■ Mk ^ A, r eN, 

such that 

[($i,r(2/))reN] - ^jj-.iy) 

for y G Mfc. 
Let 

be a sequence of c.p.c. order zero maps lifting (p. Just as in the proof of 14.41 fsee the 
argument for ((99l) ). one checks by contradiction to (|106l) that for each I G N there 
is X; G N such that 

(107) ri^i.riWM^)) > J7-^-T^ ■ r{M^)) - 

4(to + 1)^ i + 1 

for all X G of norm at most one and r > Ki. Upon increasing the Ki if necessary, 
we may assume the sequence (-ftr;);gN to be strictly increasing, and (by ()105p ) that 

(108) < _L_ 

for normalized elements y G Mk and x G F, if r > Ki. 
Again as in the proof of 14.41 we may define a sequence 

of c.p.c. order zero maps by 



$/,r a Ki<r < Ki+i 
if r < Ka] 



using pOSp and (|107p one checks that 

(a) \\[^r{y),Vr{.x)]\\ ''^ for aU X G F, 2/ G 
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T(l>r(lfe)(/?r(a;)) > , ■ T{(pr{x)) - 5 



(b) for any (5 > there is r e N such that 

1 

4(to"+ 1)2 

for any r > f , a; G of norm at most one, and r G ^(A). 

Define 

by 

$(a;) [(l>^(x))rgN], 
then $ is a c.p.c. order zero map since the $r are; $(Mfc) commutes with <p{F) by 
(a) above and 

1 

4(m"+ 1)2 

for all X £F+ and r £ Too (A) by (b) above. I 

4.6 The next proposition will play a role for 14.111 similar to that of [40l Propo- 
sition 3.9] for the proof of |40l Lemma 3.10]. The subsequent Propositions 14.71 
through 14.101 will get this analogy to work. 

Proposition: Let A he a separable, simple, unital G* -algebra with tracial m- 
almost divisibility, and letO ^ k € N. Suppose further that F is a finite- dimensional 
C* -algebra and let 

ip: F ^ Aoo 

be a c.p.c. order zero map. Let 

(109) deAoonipiF)' 
be a positive contraction. 

Then, there are c.p.c. order zero maps 

$(0) , . . . , $(3) . ^4 ^ n (^(F)' n {d}' 

satisfying 

r((ci>W(l,) + . . . + $(3)(l,))/(d)^(.x)) > \ ■ TifidMx)) 

i[m + 1)^ 

for all X eF+, f e Co((0, 1])+ and t e Too{A). 
Proof: Let 

be a nested sequence of finite subsets of the unit ball of Co ((0, 1])+ with dense union. 
For each g G N, find Lg G N such that the standard partition of unity 

(110) /«,...,/« ^ GCo((0,l]), 0,1, 
of the interval (0, 1] as in [T3] satisfies 

f4:)(d)4f](<p(iF))/(d)¥'(x) - / f • £ • 4:^(rf)4f2(^)(^) 



r,s—l 



for g G N, i, j G {0, 1}, f & Gq and x in the unit ball of F+. 
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For each g e N, r, s e {1, . . . , Lq}, i,j G {0, 1}, the map 
(112) x^f!^]l{d)fj^^}{v){x) 

is c.p.c. order zero, so that we may apply Proposition |43] to obtain c.p.c. order zero 
maps 



(113) 



$(^;^:) : A4 ^A^n (/«(d)(/(;'2(^)(F)))'. 



For fixed q, i and j, the fq]l{d)fq''2{^){'^F) are pairwise orthogonal positive con- 
tractions by and pTO)) . 

We therefore have c.p.c. order zero maps 

<J>(^'^-) : A4 -^A^n (^0/(:^(d)/i5(^)(f^)j 

given by 

(114) ^^'•^■^(•) :=0<f^:;^;i(-)/i:^(d)4;'2(¥'(ii=^)). 



For fixed q,i,j, one checks that 



(115) 



^^^■^■ny)/(rf)-0*^y:i(y) (/(-) •4:)(d)4:](^)(ii 

1 



< 



for y G (A'ffe)^ and / £ t/^, fi-om which (in connection with (|113p ') it follows that 



(116) 



m'^:''\y)j{d)]\\< 



9 + 1 



\\y\\ 



for y e {Mk)+, f egq,qeN and i,j £ {0, 1}. 
Similarly, we have 



<i>f-^HyM^) - 0$^!;^:i(2/)4:,^.(rf) ( f • 45(^)(^ 



(117) 



< 



g + 1 



for X e and y G (Mfc)+, fi-om which we see that 



(118) 



||[$(^'^)(y),^(x)]||<-^.||x||||y|| 



for X e F+, y e (Mfc)+, q £ N and i,j £ {0, 1}. 
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Next, we check that for q ^N, x in the unit bah of F+, f e Gq and r e Too (A) 
\ije{oa} 

4 



g + 1 



l[TT2l . JTo11 

> 



4(m 
4 



g + 1 

ilTTol . fTTIl 1 R 

(119) > ■77—TT^-rif{dM^))- 



4(m + 1)2 w w-rv ^ _^ ■ 

For each q,i,j let 



be a c.p.c. order zero hft for (cf. [m Remark 2.4]); let 

^qf -Mk^ A, I eN 

denote the components. Let 

N 

be a positive contraction lifting d, and let 



be a c.p.c. order zero lift for (p. 
We claim that for each g G N there is i?g G N such that 



T{fidl)^l{x)) 



(120) r ||E^iy'(l^)/(^"')^'(-)) ^ 

for each I > Rq, t E T{A), f E Gq and x in the unit ball of F^. 

To prove the claim, note that otherwise for some g G N there were f £ Gq, an 
increasing sequence (^t)tgN C N, a sequence {xi^)t£ti in the unit ball of F^, and a 
sequence {riJtGN C T{A) such that 



ThifidiJ^i.ixiJ) 



) 9+1 

for each t G N. By compactness and passing to a subsequence of {lt)teN we may 
assume that {xi^)teN converges to some x in the unit ball of Let uj G f3N \ N 
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be a free ultrafilter along the sequence (Zt)tgN, then 

a contradiction to (|119l) . since the map [(a;);^^] ^ linia;T;(.) is in Too{A). This 
establishes the claim (|120l) . 

We may also assume that the sequence is strictly increasing and that, 

for each q ^ N, Rq is so large that 



and 

\0;f\y),^,{:c)]\\<-^\\x\\\\y\\ 
for all i,j £ {0, 1}, x £ F+, y e {AIk)+, f ^ Qq and for all / > Rq (using (|116|) and 

(mi). 

Now for I G N we may define c.p.c. order zero maps 



by 



$1''^' : Mk A 



if i?, < Z < i?,+ l 



'I 

and let 



10 if/<i?o, 



be the c.p.c. order zero map induced by the l>|''"''', i, j e {0, 1}. After relabeling the 
it is easy to check that we indeed have maps . . . , ^^^^ with the desired 
properties. I 

4.7 Some of the ideas of the next two propositions we have already encountered in 
the proof of Proposition 13.61 which was used to show that finite nuclear dimension 
implies tracial m-almost divisibility (Proposition 13. 7p . In the present context we 
assume tracial m-almost divisibility to arrive at a statement similar to that of 13.61 

Proposition: For any m, m G N, > such that the following holds: 

Let A be a separable, simple, unital G* -algebra with tracial ifi-almost divisibility, 
and let B C Aoo he a separable, unital C* -subalgebra with dimnuc-B < m and 

(121) deA^nB' 

a positive contraction. 
Then, there are orthogonal positive contractions 

eA^nB'n{dy 

satisfying 

(122) Tid^^\f{d)b) > Pm,rn ' r(/(d)5) 

for all beB+, f e Co((0, 1])+, r e TooiA) and j = 0, 1. 
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Proof: Take 

(123) l3m,m ■5777 ; -, \ / - ; Tv?' 

32(m + l)(m + 1)^ 

Let A, B, d be as in the proposition. Let {Gp)pefi be a nested sequence of finite 
subsets (each containing 1^) of the unit ball of with dense union. 

By Proposition 13. 2[ there is a system of m-decomposable c.p. approximations for 

B 

(Fp = F^o) © . . . ® Fl,"^\^p,^p = + . . . + ^(™))peN 

such that the 

^p-. B ^ Fp 

are c.p.c. maps, the 

are c.p.c. order zero maps, and such that 

(124) \\^p^pib)-b\\< ^ 



(125) \\[ippMb),^'p'H^l'HlBm\ < ^ 
and 

(126) ||6^«(^«(1b)) - < 



for aU b e Qp, i e {0, . . . ,m} and p G N. 

For each i G {0, . . . , m} and p £ N apply Proposition 14.61 (with fh in place of m, 
(y9p •* in place of </J and 8(m + 1) in place of k) to obtain c.p.c. order zero maps 

(127) $Cm) ; M8(„+i) ^ A„o n ^(,')(J^i*^)' n {d}' 

for j = 0, 1, 2, 3 satisfying 

(128) r (^$(^^^)(l8(,„+i))/(d)^«(x) I >-^_L-^.r(/(d)4*)(x)) 



for ah X G (i^; 0+, / G Co((0, 1])+ and r e Toc(A). 
But then one checks that, for alH e {0, . . . , to}, j £ {0, . . . , 3} and p G N, 

(129) l'j,^'^'(.) $P(.)¥'^^'(V'^^^(ls)) : M^^m+i) n {d}' 

define c.p.c. order zero maps (using (|127p and (|12ip ). 
Furthermore, we have 
\\¥;'^Hy)b-b^^'^\y)\\ 

< ||$(^'^)(y)^W^W(6) - ^W^W(6)$(^'^)(y)|| + -^bll 



p+ 1 " " 

for b G Qp and y G ^8(^+1), whence 

U)(y),6]||fZ^0 
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for b ^ B and y G -/V/8(„_|_i), and 

(3 m 

GMLGSl 1 4(m+l) + l 

^ 4(^^ • - p+l 

for all 6 e ^p, / in the unit ball of Co((0, 1])+ and r e Too{A). 
After choosing a c.p.c. order zero lift 

N 

for each $p (cf. |T9j Remark 2.4]), a standard diagonal sequence argument yields 
c.p.c. order zero maps 

: M8(„,+i) -> n B' n {d}' 

such that 



/ 3 m _ \ 
(130) rK:^$(-^)(l8(™+i))/(d)6 >— - 



1) 



2 rifid)b) 



for ah 6 e / g Co((0, 1])+ and r g Too(A). 
Now for each g g N we may define orthogonal positive contractions 

(131) (e^^''^(^ii) I eA^ns'nW 



and 



(132) := 1^^ - g,,_^ ^ $(^-^) (en) j g A^o n n {d}' . 



We estimate 



(133) > -TT^-^W-^TZTT^ ' ^(/W^) - 



4(m+l)2-8(m+l) ' ' q+l 
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for all b G B+ and / e Co((0, 1])+ of norm at most one and for all r G Too{A). 
Moreover, 

< lim T I (El.(*'^")(en) ) f{d)b 



2J 



^ E /nnT('(|.(^^^)(en))'/(d)6) 



i—0.. . .,m;j— 0,. . . ,3 

8(to + 1) 

(134) = i-r(/(d)6) 

for r G roo(j4) and 6 G -B+, where for both the second and third estimate we have 
used that t( . f{d)b) is a trace on Aoo H B' n {d}', whence lim;_>oo t(( . )t f(^d)b) is 
a dimension function on A^o f) B' O {d}' for any t G Too (A). 

As a consequence of (jl34p . 

r(d«/(d)&)>^-r(/(d)&) 

for beB+,fe Co((0, 1])+ and r G roo(A). 

Applying a diagonal sequence argument once more, from (|133p and (|134p we 
obtain orthogonal positive contractions 

S°\d'^^'> G AoonB'n{d}' 

such that 

r{S''>f{d)b) > • ^(/(^)^) 

S2[m + l)[m + 1)^ 

for beB+, f e Co((0, 1])+ and r G Too{A). I 
4.8 Proposition: For any ui^ 772, G there is "^rn.in.k 

> such that the following 

holds: 

Let A be a separable, simple, unital C* -algebra with tracial fh-almost divisibility, 
and let B C Aoo be a separable, unital C* -subalgebra with dimnuc-B ^ Let 
d G Aoo C\ B' be a positive contraction. 

Then, there are pairwise orthogonal positive contractions 

. . . , d^^) G^oonB'n{d}' 

satisfying 

T{d^'^f{d)b)>-f,n,m.k-r{,f{d)b) 
for all b G B+, f G Co((0, 1])+, r G Too{A) and i ^ 0, . . . , k. 

Proof: Let us first assume that fc = 2' — 1 for some I G N. For k of this specific 
form, we verify the statement by induction over 



NUCLEAR DIMENSION AND 2:-STABILITY OF PURE C*-ALGEBRAS 



45 



For I = 0, the statement is trivial with 7m,r7i,o = 1 and S'^'^ = ^a^- Suppose now 
the statement has been verified for /c = 2' — 1 for some I G N, with elements 

6 A^ni?'n{d}'. 

Set 

B« :=C*(B,d«) C Aoo 

and note that for each i G {0, . . . , 2' — 1}, S*^*^ is a quotient of Co([0, 1]) (g) -B by 
ll-lf i). whence 

dimnucS^*'' < 2to + 1 

by gg. Set 

7m,7n,2' + i-l •= l32m+l,m ' 7m,m,2'-li 

where hm+i.rh comes from 14.71 

For each i £ {0, . . . , 2' — 1}, apply ProDOsition l4.7l (with 2m + 1 in place of m and 
S^'^ in place of B) to obtain orthogonal positive contractions 

e n B' n {d}' n {J^}', j = o, i, 

satisfying 

| [T22ll 

T(d(^^^)d«d&) > /32m+i.™-r(dW/(d)6) 

> /32m+l,m • 7m,»n,2'-l • 
= 7m,m,2' + i-l • 

for all 6 e B+, f G Co((0,l])+ and r S Too (A). This yields the assertion for 
k = 2'+^ — 1, where the 2'+^ pairwise orthogonal positive contractions are given by 

eAooDB'nidY 

fori = 0, ...,2'-l and j = 0,1. 

Induction yields the statement of the proposition for any k of the form 2' — 1, 
I G N. This clearly also implies the case of arbitrary fc G N. | 

4.9 Proposition: For any m,rh,k G N, there is "fm.fn.k > such that the following 
holds: 

Let A he a separable, simple, unital C* -algebra with tracial fh-almost divisibility, 
and let B C Aoo be a separable, unital C* -subalgebra with dim„uc5 < Let I G N 
and let 

<i>:Mi^A^n B' 

be a c.p.c. order zero map. 
Then, there are pairwise orthogonal positive contractions 

d^°\...,d^'''> G A^nB'n^Mi)' 

satisfying 

r(d«/($)(a;)&) > 7„,^,fc • r(/($)(x)6) 

for all X G {Mi)+, f G Co((0, 1]) + ,. beB+, t £ Too{A) and i = 0, . . . , k. 

Proof: Apply Proposition 14.81 (with $(eii) in place of d) to obtain pairwise or- 
thogonal positive contractions 

G.4oons'n{$(eii)}' 
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such that 

(135) r(rf«/($(eii))6) > 7™,™,,. • T(/($(en))6) 
for i = 0,...,fc, / e Co((0,l]) + , beB+ and r e Too (A). 

For q E N, define pairwise orthogonal positive contractions 

(136) J« := d(')ffo,^(*(eii)) E A^o n B' D {$(eii)}'; 
then 

r(4')/($)(en)6) > 7m,rn,fc • T(/(<i>)(en)6) 

for i = 0, . . . , fc, for all positive contractions b E B, for all / G Co((^qrri 1])+ a-nd for 
ah T e Too(A). 

Set 

I 

:= ^7r$(eji)J(*'7r$(eij), i = 0,...,k, 

where 7r<i, denotes the supporting *-homoniorphism of $; one checks that these are 
pairwise orthogonal positive contractions, that 

and that 

r(4')/($)(a;)fe) > 7m,*,fe • r(/(<i>)(a:)6) 
for all positive contractions x G M; and b E B, for all / G Co((^^, 1])+ and for all 

T e ro,(A). 

After taking positive contractions 

d«Gn^ 

N 

and a c.p.c. order zero map 

^ : Mi^Y[A 

N 

lifting the dq^^ and $, respectively, a standard diagonal sequence argument yields 
orthogonal positive contractions 

d^''> EAo^nB'n ^(Af/)', i = 0, . . . , fc, 

such that the assertion of the Proposition holds. | 

4.10 Proposition: For any m, m G N, there is am^fn > such that the following 
holds: 

Let A be a separable, simple, unital G* -algebra with tracial fh-almost divisibility, 
and let B E A be a unital C* -subalgebra with dimnucS < m. Let k,l E and let 

(137) $ : Ml ^ Aoo n B' 
be a c.p.c. order zero map. 

Then, there is a c.p.c. order zero map 

^ : Mk-^ A^nB' n^Mi Y 

satisfying 

Ti'if{lkMh)b)>a„^,rn-Tmh)b) 
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for all b e B+ and t G Too{A). 
Proof: Set 

4(m + 1)^ 

where jm,m,i comes from Proposition 14.91 

Let A, B,k,l,^ be as in the proposition. Let {Qp)peN be a nested sequence of 
finite subsets (each containing Is) of the unit baU of 5+ with dense union. 

By Proposition 13.21 there is a system of m-decomposable c.p. approximations for 



B 

such that the 



ipp-. B ^ Fp 



are c.p.c. maps, the 

(139) (^W : Fj;^ ^ B 

are c.p.c. order zero maps, and such that 



(140) 

and 
(141) 



\\ippiPp{b) - b\\ < 

||bpVp(&),4'H^f (Is) 



1 



p + 1' 



< 



1 



||6^«(V«(1b))-^(^V4^) 



p+l 
1 



< 



p+l 



for aU b e Gp, i e {0, . . . ,m} and p £ N. 
Let 



eCo((0,l]), j = 0,l, 
be a standard partition of unity for (0, 1] as in ll.Si and note that 

1 



(142) 



< 



p+l 



< 



j=0,l;r=l,...,p+l ^ 

(where id(o,i] denotes the identity function on (0, 1]) and 

(143) h<^,imuMz) - • hi^lmz) 

for j = 0, 1 and z e (M;)+- 

Use Proposition 14.91 to find orthogonal positive contractions 
(144) 
such that 



p+l 



G boons' n$(Mz)' 
V (0^-'^^)(*)(-)^)) 



(145) 



> 7m,m,l • 



P+l 



h\^:imz)b 



\4 
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for all p e N, z e {Mi)+, b e B+, t e TooiA) and j = 0, 1. 
For each p G N, j G {0, 1} and r e {1, . . . ,p + 1} note that 

JW/i(^) ($)(.) 

is a c.p.c. order zero map, so that we may apply Proposition 14.91 once more to find 
pairwise orthogonal positive contractions 

(146) d^°f,. . . , d^,-;^'^) eA^nB'n (^^'^/j^;^] ($)(mO)' 

satisfying 

(147) t(4^;.^)J(,^)/i«($)(z)6) > 7„,^,„ • t{SJ'> h^p^},{^){z)b) 
for aU i = 0, . . . , m, z G {Mi)+, b e and r G Tao{A). 

Use (IT?7|) . ([133), (HHl) and piS)) to check that 

defines a c.p.c. order zero map 

Fj,'^ Ml ^ 

and apply Proposition 14.51 to obtain c.p.c. order zero maps 

(148) : Mk ^A^n (^« (F«)4^'/) ($)(AfO)' 
satisfying 

t(^« (x)4V^J«/l(;^-) ($)(z)*(V^ (U)) 

(149) > ^^^^^■r(^W(x)4V^J«/i«($)(z)) 

for ah X G (F^^V, 2 e i G {0,...,m}, j G {0,1}, r G {1, . . . ,p + 1} and 

T G To,(A). 

Note that 

^« (^W (&))4:'/)d(/'^ ($)(z)vl/(^-^") (y) 

= ^lif (2/)/i(;^l($)(z)JWd(i,.)^W (^W (5)) 

for ah z G {0, . . . , m}, j G {0, 1}, r G {1, . . . ,_p + 1}, 6 G B, z G Mi and y G Mfc 
(using (HSZl), (USUI, dm, dug) and (UMl)). 

Define c.p. maps 

by 

(150) vl;^( .):=Y^ cp(;\i;(;Hls))4\'^^dl^^hl^)mh^^^^ ). 
We may write as a direct sum 

/ m /p+l 

(151) *^(.) = 0^^^nv'('niB))4:'/)4^")/i(^i($)(io*^^^^^^ 

j=0,l \i=0 \r=l 

with c.p.c. order zero summands, which entails that itself is a c.p.c. order zero 
map (for p5ip we have used p44p . (|146p and the facts that 
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that for fixed p, j and r, the dp^r , i = 0, . . . , m, are pairwise orthogonal, and that 
for fixed p and j the hp)r are pairwise orthogonal) . 
We estimate 



t($(1/)6*p(U)) 

JTsot . flsTl i.l lTin 
> 



1 



> T 



fT49t 

> 



> 



> 



p + 1 



2 

p + f 



p+ f 

il^fiyi • M ^ ^ • ^^^^^^^^ 



p + f 



lTl5l . fT46l 

> 



4(r7i 


+ f)2 


2 




p+ f 








4(m 


+ f)2 


'~im.fh,rn 





p+ 1 



niol . fml ^ - - 1 4 + 777 

4(to + f )^ p + 1 

= am„m • T(-I>(li 6) — - 

p + 1 



for all b e Gp and r e Too (A). 
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Next we compute 



< 



r 



lT43l . l[T46t . l[T44t . |[T5ll 
< 



1 

p+l 

2 



p+l 



for b G Qp, y G {Mk)+ and z G of norm at most one. Taking adjoints, we see 

from (|T4H1) . p4Sl) . ^14)) and that 

||[$Wfc,*p(y)]||<^ 

for b G Qp, y G and z G of norm at most one. 

The usual diagonal sequence argument now yields a c.p.c. order zero map 

4- : Mfe n (S$(M,))' 

such that 

r(*(lfc)$(l06) > r(cl>(l06) 

for all b G -B+ and t G roo(^); it is not hard to check that in fact we have 

-^{Mk) C (B/($)(MO)' 

for any/GCo((0,l])+. 
For p Cz N, we may now define c.p.c. order zero maps 

: Mk n {B^{Mi))' 

by 

i>p{.):^i>{.)g^.mii))- 

one checks that 

^p{Mk) c ^00 n B' n $(M0' 

and that 



T(*p(lfe)$(lOfo) > a^^rn ■ t($(1/)6) - 



1 



P+l 



for all positive contractions b G 5+ and t G Too(^). 

Another straightforward application of the diagonal sequence argument now yields 
a c.p.c. order zero map 

*:Mfc->AoonS'n$(M()' 
with the desired properties. I 
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4.11 We are finally prepared to prove the main technical result of this section, which 
will provide large almost central order zero maps into simple, miital C*-algebras 
with locally finite nuclear dimension and tracial m-almost divisibility. In spirit 
this is very similar to ^401 Lemma 3.10]; the main difference is that there almost 
divisibility was ensured by finite decomposition rank, whereas here we make it a 
separate hypothesis. 

Lemma; Let A be a separable, simple, unital C* -algebra with tracial fh-almost 
divisibility, and let B G A be a unital C* -subalgebra with dininuc^ < rn for some 
fh,m G N. Let £ C B be a compact subset of elements of norm at most one and let 
k £ N and 7 > 6e given. 

Then, there is a c.p.c. order zero map 

$ : Mk A 

such that 

\\mx),b]\\<j-\\x\\ 

and 

T($(lfc)) > 1-7 

for all X e Mk, b e £ and r £ T{A). 
Proof: Obtain 

< 7m,m,l < 1 

from Proposition 14.91 and 

< a,n,fh < 1 

from Proposition 14. 101 and choose L e N such that 

L 

(152) Qfm.m • 7m,m,l ' X! '-"'^ ~ "m,™ ' 7m,rn,l)'' > ("'^ ^ 3 ) " 

3=0 

Set 

(153) .:=^. 

Apply Proposition 14.101 fwith I = 1 and $ : C ^ A^^ n B' given by $(1) := 1^^) 
to obtain a c.p.c. order zero map 

$0 : Mk -^A^riB' 

such that 

r{b)> r{b) 

for aU b e B+ and r £ Too (A). 

Now suppose that for some i G {0, . . . , L — 1} we have constructed a c.p.c. order 
zero map 

: Mfe ^ n B' 

such that 

i 

(154) r(<I>i(lfc)6) > am,fh ■ lm,fn,l ■'^i'^- Olni,fn ' 7m,r7i,l)^ ' t(&) - 2iri 

3=0 

for all positive contractions b ^ B and for all r e Too{A). 
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Define c.p.c. order zero maps 

(155) := {go,rj - g^,2v){^i), — {9v,2v ~ 52,,,37,)($i) : Mfe ^oo n B' . 

Apply Proposition 14.91 (with k in place of I, 1 in place of k and in place of $) to 
obtain positive contractions 

(156) S°'> ± d^i) e n B' n $.(A4)' 

such that 

(157) T(d(^V(^^)(lfc)&) > 7m,ma • r(/($0(lfe)fc) 
for all J e {0, 1}, beB+,fe Co((0, 1])+ and r e Toc(A). 

Define a c.p.c. order zero map 

: Mfc ^ n 

by 

(158) ^^■■^g2nM'^^)+S°^^^■ 

This is clearly c.p.c; $i has order zero since 

l>,(x) < 7r$,(a;) for a; £ (Mfc)+, 
where tt^^ is the supporting ^-homomorphism of $i . 
Define a positive contraction 

by 

(159) /i := d(i)|>,(lfc) + (lA^ - go,^($^(lfc))). 
Observe that 

(160) h ± l>,(lfc) 

by (II55]), (Hill), (HSll) and (IT59)) . 

Apply Proposition 14.101 fwith / = 1 and $ : Afi ^ Ago n i?' given by 1 /i) to 
obtain a c.p.c. order zero map 

: Mk ^AooHB'n {h}' 

such that 

(161) T($,(lfc)/^6) >a™,^-T(/i&) 
for aU & £ B+ and r e Too(A). 

Define a c.p.c. order zero map 

: Mfe ^ n B' 

by 

(162) $,(.) :=/!$,,(.). 
Next, define a c.p. map 

$^+1 : Mk ^Ao^nB' 

by 

(163) $,+1 + 
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and observe that is c.p.c. and has order zero since and <&i are c.p.c. order 
zero maps with orthogonal images (using ()162p and (IIGOI) ). 

For a positive contraction b G -B+ and r G roo(^) we now estimate 
r($,+i(lfe)6) 

^ T($,(l,)6)+r($,(lfe)6) 

llT62t . tT6il . llT58t . n57t 

> am,m • T{hb) + T(g2),,3r)($i(lfe))^) 

+7m,™,l • T($j(lfe)6) 

llT59t . llT57t 

> am,m • "frn,rhS ' T($i(lfe)6) 
+am,m • - go,7;(*!:(lfc)))&) 
+T(52r,,3^($,(lfc))6) + 

llT55t 

> r(g„,2^($»(lfc))&) 

+ (1 - ar,^.yn ' 7m,r7i,l) ' T(52r,,37) (lfc))&) 

> Q!„i,m ■ 7„i,m,l • t(&) 

+ (1 - ara,m ' 7m,r77.,l) ' T(<I>i(lfc)6) - 2?? 

^ (1 0^m,fn ' 7?Ti,m,l) ' ^m,rn ' '~fm,rh,l 

i 

• ^ (1 - a^n^rh ■ lm,rnSy ' t(6) 
+am,m • 7m,m,l " - 217] - 2?] 

= am,fh ■ 7m,m,l ' X! ^ ' 7m,m,l)^ ' ^ 2(i + I)??. 

i=0 

Induction yields c.p.c. order zero maps 
such that 

$L : Mfe ^ n -B' 

satisfies 

L 

T(<I>L(lfc)&) > am,m • 7m,m,l • ^(1 - "m^m • 7m,m,l)^ • - 2Lr/ 



l[T52t . l[T53t ^ _ ^ _ 2 



(l-J)-r(6)-|>r(6)-|7 

for all positive contractions h G -B+ and all r G Toc(j4). 
Lift $L to a c.p.c. order zero map 
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(with c.p.c. order zero components G N), then it is straightforward to show 

that there is TV G N such that 

$ := $jv 

has the desired properties. I 

4.12 Remark: If, in the preceding resuh, the elements of £ are assumed to be 
positive, then the proof shows that we even obtain 

r($(lfc)fo) > r(6) -7 

for allbeS and r e T{A). 



5. Almost central dimension drop embeddings 

The main resuh of this section is Proposition 15.51 (which in turn refines Proposi- 
tion [231); this win provide the final missing ingredient to prove -E-stability in very 
much the same way as Proposition 4.5 did in [40 . In fact. Proposition 15.51 is only 
a small modification of |40[ 4.5], and it is proven in almost the same manner. The 
essential difference is that in |40j strong tracial m-comparison was provided by |401 
Corollary 3.12], whereas in the present setup it is built into the hypotheses. 

In the subsequent Section [H] we will then assemble our results to construct (/?' and 
v' as in Proposition 11.141 which in turn gives Z-stability. While existence of the 
map if' essentially follows from Lemma I4.11[ the element v' will be provided by 
Proposition [53] 

5.1 Let us recall Proposition 4.1 from [ID]. 

Proposition: Let A be a unital C* -algebra, and let a G be a positive element 
of norm at most one satisfying T(a) > for any t G T{A). 

Then, for any A; G N and < /? < 1 there is "f > such that the following holds: 
// /i G is another positive element of norm at most one satisfying 

T{h) > 1 - 7 

for any t G T{A), then 

dr{{a^{lA - h)ai) -/3)+ <y T{a) 

for any t G T(A). 

5.2 The next result is essentially [40l Proposition 4.2]. There, the assumption of 
decomposition rank at most m was only used to have [40l Corollary 3.12] available. 
But that Corollary just says that decomposition rank at most m implies strong 
tracial m-comparison, which we now make a hypothesis; the conclusions are essen- 
tially the same. In the present setup we use two dimension constants, m and m, to 
emphasize the different roles played by dimension — these will eventually enter in 
terms of comparison and in terms of divisibility. 

Proposition: Let A be a separable, simple, unital C* -algebra for which every 
quasitrace is a trace and which has strong tracial fh- comparison for some m G N. 
Let TO, n G N, let 



NUCLEAR DIMENSION AND 2:-STABILITY OF PURE C*-ALGEBRAS 



55 



be a finite- dimensional C* -algebra, and let 

ip : F ^ A 

be a c.p.c. order zero map. For any < 70 and < ^ < 1 there are < 71 and 
< /? such that the following holds: 

// io G {0, . . . , m} and 

$ : M„+i (8) M„ (g) M2 ^- ^ 
is a c.p.c. order zero map satisfying 

\Mx),m]\\<m\\y\\ 

for any x € F and y G Mm+i <S) M„ <E) M2 and 

(164) t($(1m„+i®m„®mJ) > 1 - /3, 

then there are v^^^ G A, j — l,...,s, of norm at most one with the following 
properties: 

(i) |i(t)(^))*z;(^-) - ^(iHf[{>)HlA - $(lM„^,«Af„«AfJ)V^(^')(/li¥ll < 70 

(ii) \\[v'^'\^^'HAh\\<lo 

(iii) \\v^^^-go,,M'\fii^))v^'M\<lo 

(iv) wO) = ® en (g) Im^))^^^^ ■ 



Here, {f^P \ j — 1, . . . , s; = 1, . . . , r^} and {dar \ i,i' — 1, . . . , m + 1} denot 



e 



sets of matrix units for F and My^^i, respectively; the canonical matrix units for 
Mn and M2 are both denoted by {eu'}. 

Proof: The proof is the same as that of [40j 4.2] almost verbatnTi, with only three 
changes: 

In (200) of ^ we take (m + l)(m + 1) in place of (m + 1)^, in (212) of gD] we 
take in place of 7^7^, and instead of using [301 Corollary 3.12] on page 285 in 
[40) . we use strong tracial m-comparison of A. I 

5.3 The next result is a slight variation of [40l Proposition 4.3], in pretty much the 
same manner as Proposition 15 . 21 varies [40l Proposition 4.2]. 

Proposition: Let A be a separable, simple, unital C* -algebra for which every 
quasitrace is a trace and which has strong tracial ffi- comparison for some m G N. 
Let m G N, let F be a finite- dimensional C* -algebra, n G N and 

il^-.F-^A 

a c.p. c. order zero map. For any < 9 and < C < 1 there is /3 > such that the 
following holds: 

If io G {0, . . . , m} and 

$ : Mm+l <S> Mn ®M2^ A 

is a c.p.c. order zero map satisfying 

(165) \mx)My)]\\ < m\\\y\\ 

for any x ^ F and y G Mm+i €3 M„ ® M2 and 

t($(1m„+i®m„®mJ) > 1 - /3 Vr G T{A), 
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then there is v (E A of norm at most one such that 

\\v*v - {1a - $(1m„+i0M„0mJ)'V'(1f)(1a - $(1m,„+i®m„®mJ)^|| < 0. 

vv* e {^{d^oio ® en ® Ims) - C)+A{<^{diozo » en ® Ims) - + 
(where {dki \ k,l — 0, . . . , m} and {cki \ k,l — I, . . . ,n} denote sets of matrix units 
for Mm+i and Mn, respectively) and 

mx),v]\\<e\\x\\ 

for all x £ F. 

Proof: The proof is essentially that of [301 Proposition 4.3]. The main difference is 
that Proposition 15.21 is used instead of [JHl Proposition 4.2], but I mention another 
necessary adjustment, pointed out to me by D. Archey: The elements w^-'-' and v 
defined in [IDl equations (241) and (242)] are not necessarily in A; they should be 
replaced by 

iU) V 7r(^) (/« )5o.,, (^^^'^ ifi{'))v^^^ 9o,,. (^^^'^ (/}? ))7r(^) [f^^ ) 



fc=i 



and 



V ■= 5c,C+7i(*('^«oio "^en «) 1a/J)^w'^'. 

Then, the v^^'> and v clearly are in A, and one checks that - w^J) || < 27^^ and 

||ti — wjl < 2s7q (using [?01 4.2(i) and 4.2(iii)]). The rest of the proof works in the 

same manner, provided one chooses < 70 < 1 such that 16s max{r*^-')}7Q < 9 (cf. 
gni inequahty (236)]). I 

5.4 Below we essentially repeat [40l Proposition 4.4], with the additional observation 
that there it would not have been quite necessary to assume all of A (as opposed 
to a C*-subalgebra B) to have finite decomposition rank, and that one can replace 
decomposition rank by nuclear dimension with only a little bit of extra effort. 

Proposition: Let A be a simple, separable, unital C* -algebra, and let B C A 
be a unital C* -subalgebra with dimnuc^ < m < 00. Given a finite subset J- C B, 
a positive normalized function h G Co((0,l]) and S > 0, there are a finite subset 
Q C B and a > such that the following holds: 

Suppose 

(F = F(") ©...©F(™\ct, g) 

is an m- decomposable c.p. approximation (for B) of Q to within a, with c.p.c. maps 
a : B F and g^^^ : F^-^^ — )■ B, and such that the composition ga is contractive. 
For i = 0, . . . ,m, let Vi £ A be normalized elements satisfying 

(166) \\[g^^{x),v,]\\<a\\x\\ 
for allx e FW. 

Then, 

m 

(167) V■.= Y,V^^g^'^){<7^'\lA)) 

i=0 
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satisfies 

\\[v,a]\\<d 

for all a J-. 

Proof: The proof is essentially the same as that of [301 Proposition 4.4], but since 
there are several modifications, we revisit the full proof in detail. 

We may assume the elements of T to be positive and normalized. For convenience, 
we set 

(168) 



S 



9(m + l)' 
Take h e C([0, 1]) such that 

(169) \\id[o,i]-h-h\\<5. 
By using [iO| Proposition 1.8], there is 

(170) < ^ < 

\\h\\ 

such that, whenever b,c € A are elements of norm at most one with c positive, and 
satisfying 

(171) \\[b,c\\\<l3, 
we have 

(172) \\[bMc)]\\<~S- 

Using [ini Lemma 1.10], we find a > and a finite subset Q C B such that, 
whenever {F,a, g) is a c.p.c. approximation (for B) of Q to within a, we have 

(173) \\g{x)ea{a)~e{xd{a))\\<^\\x\\ 
for all X G and a ^ F. We may assume that 

(174) a</3,^, 

M 

Now let a c.p. approximation (F, a, g) (for B) and Vi ^ A a.s in the proposition be 
given. Define maps 

a(.):=a(l^)-i/V(.)a(l^)-i/2 

and 

e(.):=e(a(l^)i/2.a(l^)i/2) 
(with inverses taken in the respective hereditary subalgebra), then 

(175) e^'^aW = ^^WfTW 

for all i and {F,a, g) is a c.p.c. approximation of Q to within a. 
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Note that we have 

s 



(176) 
and 



llT69t 

< 



||^)WaW(lA)^^CT(a)-^?W^7W(a)|| < 4- 



(177) 

ll'ill 

for 1 = 0,...,™ and a £ J- (the elements of J- are normaUzed). We obtain 

||KMf,W)(a«(l^)),a]|| 

II (lA)^(f?^'^ (IfW )), £^^(0)] II + 2« + ^ 

||i;,^.«a«(lA)/i(f^(*niFw))e^(«) 
-^>r7(a)/l(^?«(l^(„))^;«a«(l^)^;J 
+2a + 3^ 

||z;./i(£.«(lp(.,))e«a«(a) 
-e«aW(a)/i(gW(l^(.,))i;,|| 
+2a + 5^ 

9^ 

S 



< 

l fT66l .| [T7il . tT72l .l lT74t 

< 



< 



ITMt . fTTn .i lrrat . fmt . frfol i 

< 

fT68l 

< 



for 1 = 0, 



for a G T. 



m + 1 

, m and a € F. It follows that 



^z;,/i(£.«)(a«(l^)),a 



,i=0 



< (m+ 1) 



m + 1 



= 6 



5.5 We are now prepared to state the main technical result of this section, which 
again is a modification of a result from 40 , Proposition 4.5. 

Proposition: Let A be a separable, simple, unital G* -algebra with strong tracial 
fh- comparison for some m G N and such that every quasitrace on A is a trace. Let 
B <Z A be a unital C* -subalgebra with dimnuc-B < m < 00. Given a finite subset 
J-CB,0<S,0<C.<1 and n G N, there are Q C B finite and a > such that 
the following holds: 

Whenever {F,a,g) is an m- decomposable c.p. approximation (for B) of Q to 
within a, with c.p.c. maps a : B ^ F and g^^^ : i^''-* B, and such that the 
composition ga is contractive, there is 7 > satisfying the following: If 



$ : M, 



m+l 



•Mr, 



M2 ^ A 
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is a c.p.c. order zero map satisfying 

(178) \Mx),<f{y)]\\<^\\x\\\\y\\ 
for all X & F, y e M^+i ® Mn M2 and 

(179) t($(1m„_^,®m„®mJ) > 1 - 7 
for all T G T{A), then 

\my).a\\\<5\\y\\ 
for all y £ Mm+i ® Mn ® M2, a £ T , and there is v £ A such that 

\\v*v - {1a - $(1a/„+i0M„8M2))|| < <5, 
vv* e ® en ® Im^) - C)+^(*(1aWi ® ® Im^) - 0+ 

anrf 

||K«]|| <<5 

/or all a G 

Proof: Again, the proof is essentially the same as that of Proposition 4.5], 
but since there are some modifications and to avoid confusion, we state the full 
proof explicitly. 

We may clearly assume that the elements of T are normalized. Set 

(180) h := go,<5/(6(m+l)) 
and take h G C([0, 1]) such that 

(181) id[o,i] ■h = h; 
note that 

From Proposition 15.41 obtain a finite subset Q C B and a > such that the 
assertion of 15. 41 holds. We may assume that 

(182) a < ^ 

6 

and that 

(183) 1a e Q. 

Now suppose 

(184) {F,a,e) 

is a c.p. approximation (for B) of Q to within a as in the proposition, such that q 
is m-decomposable with respect to F = © ... © F*^™'. 

Similarly as in (I176p . observe that 

(185) /i(g«)(a«(l^)) = ^.«a«(l^)Me^')(l^(.,)). 

Choose some 

(186) < 6* < ^, " 

^ ^ 3(to+1) 

Obtain /3 > from Proposition 15 . 31 so that the assertion of 15. 31 holds for each 

JS) 1 . . 
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z = 0, . . . , m, in place of if). Using [40l Proposition 1.8], we may choose some 

(187) < 7 < minje, ;3} 

such that, if 6 and c are elements of norm at most one in some C*-algebra, with 
c > and 

ll[^c]||<7, 

then 

(188) \\[b^,c]U[hKh{c)]U[hKcH\< 



6(m+ 1) 



Now if $ is as in the assertion of Proposition l5.51 then (note (|187p ') Proposition l5.3 
yields elements £ A of norm at most one, i ~ 0, . . . , m, such that 



\\v*Vi - {1a - $(lM„+i®M„®M2))^£'''niF('))(lA - $(lM„+i«>M„0Af2))^ 

(189) < e, 



(190) v,v* e ($(d,, en (g) IM2) - «> en Ia/J - 0- 
and 

(191) ||[e('')(x),w,]|| < 6'||a;|| for ah x G F^'^ 
for each i. Note that 

(192) v,v* ± v,,v*, 
by (|190p if i ^ i', since $ has order zero. Set 

m 

(193) i;:=^t;.Me^'))(a«(l^)), 

i=0 
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then 



iT93t . n9a 



lT89t . fT83l 

< 



lT7a . lT88t . tT85t 
< 



JTsst . fTsiUTsot 

< 

lT86t . fT82l 

< 



i=0 

-{1a - <&(lj\/„ + i8M„8M2))|| 
m 

^/^(^7W)(aW(lA))(lA-'f(l^Wl®M„®MJ)^e('^lF(.)) 

i=Q 

■{Ia - <i>(lAW,»M„»Mj)H(e«)(a«(l^)) 
-{1a - $(1m„+i(5M„(5M2))^£'^'V('')(1a) 
(1^ - <i>(lA/„,+i®M„ig)Af2))^ 

+ (m + 1)6' + a 

m 

^(1^ - <&(lM„+i«)M„i8)Af2))^ 
1=0 

(Ia - 'S(lA/„,+i®Af„«)Af2))^ 

+ (m + 1)6* + a + 4(m + 1)61 
+ (m + 1)6* + a + 4(m + 1)61 + 2(m + 1) 



6(to + 1) 



Moreover, 



We have 



n93t.l[T90l / 

e her ) (<i>(d,, en ® lAfJ - C)- 



^1=0 



her(($(lA/„+i (E> en ® lAf2) - + )- 



fu, al II < 5 for all a £ 



by Proposition 15.41 and our choice of a, using ()19ip and (|186p . Finally, for y G 

Mm+i ($1 Mn ® M2 and a G we have 



< 
< 



||[$(y),^.a(a)]||+2«||y|| 
7lly||+2a||y|| 



l lT87l .| [T86l . fT82l 

< '^llyll- 
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6. The main result and its consequences 

We are now in a position to prove the main result and its corollaries. As was 
already mentioned, the structure of the proof of Theorem 16.11 is similar to that of 
[401 Theorem 5.1]. 

6.1 Theorem: Let A be a separable, simple, unital G* -algebra with locally finite 
nuclear dimension; suppose A is tracially (rh, rh)-pure for some m, m S N. 

Then, A is Z-stable. 

Proof: We check that A satisfies the hypotheses of Proposition II. 141 This follows 
very much the same pattern as the proof of [40|, Theorem 5.1]. 

So, let n e N, J" C A finite and < ^ < 1 and < C < 1 be given. We have to 
find ip' : Mn ^ A and v' e A as in ll.141 

Since A has locally finite nuclear dimension, we may assume that J- <Z B, where 
S C ^ is a unital C*-subalgebra with dimnucS = m < oo. Moreover, by Remark [3. 3 1 
every quasitrace on ^4 is a trace. 

By Proposition 15. 5[ there are a finite subset l^i G 5 C B and a > 0, such that, 
if {F, a, g) is an m-decomposable c.p. approximation (for B) of G to within a as in 
15.51 there is 7 > such that the following holds: If 

$ : M™+i (g) M„ ® M2 ^- ^ 

is a c.p.c. order zero map satisfying (|178l) and (|179p of 15.51 then there is v' E A 
which, together with 

satisfies the hypotheses of 11.141 

So, choose an m-decomposable c.p. approximation (F, a, g) (for B) of Q to within 
a as in Proposition 15.51 The existence of $ now follows from Lemma 14.111 with 
(m + 1) • n ■ 2 in place of k and £ := g{Bi{Fj) (where Bi{F) denotes the unit ball 
ofF). I 

6.2 Let us note the following combination of Corollary 12.101 and Theorem 16.11 ex- 
plicitly. 

Corollary: Let A be a separable, simple, unital C* -algebra with locally finite 
nuclear dimension. Suppose A is {m,fh)-pure for some m,TO G N. (For example, 
A could be pure.) 

Then, A is Z-stable. 

6.3 Corollary: Let A be a separable, simple, nonelementary, unital G* -algebra 
with finite nuclear dimension. 

Then, A is Z-stable. 

Proof: This combines Corollarv [3^ and Theorem 16. II I 

6.4 Corollary: Let A be a separable, simple, nonelementary, unital C* -algebra 
with locally finite nuclear dimension. 

Then, A^ A® Z if and only if W{A) ^ W{A ® Z). 

Proof: If W{A) = W{AiS)Z), then A is pure by Proposition [13 so A is Z-stable 
by Corollarv 16.21 The forward implication is trivial. | 
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6.5 Corollary: Let A be a separable, simple, nonelementary, unital, approxi- 
mately subhomogeneous C* -algebra. 

Then, A is Z -stable if and only if it has slow dimension growth (in the sense of 

m)- 

Proof: If A has slow dimension growth, we have W{A) = W{A (g) Z) by [30} 
Theorem 1.2], so A is Z-stable by the preceding Corohary. [A has locally finite 
decomposition rank, hence locally finite nuclear dimension, see 

Conversely, if A is Z-stable, it has slow dimension growth by [30]. | 

6.6 Corollary: Let A denote the class of separable, simple, nonelementary, 
unital, approximately subhomogeneous G* -algebras with slow dimension growth and 
for which projections separate traces. 

Then, A is classified by ordered K.-theory. 

Proof: The members of A are Z-stable by Corollarv l6.5[ so they are classified by 
[Sli Corollary 5.5] (cf. also [3i Corollary 8.3]). | 

6.7 Let us note the following corollary explicitly. This is mostly repeating known 
results; the only new implication is (iii)=>(iv), which follows from Corollarv l6.5l and 
settles an important technical question left open in 

Corollary: Let A be a separable, simple, nonelementary, unital, approximately 
homogeneous C* -algebra. 

Then, the following are equivalent: 

(i) A has no dimension growth (as an AH algebra) 

(ii) A has very slow dimension growth (as an AH algebra) 

(iii) A has slow dimension growth (as an AH algebra) 

(iv) A is Z-stable 

(v) A has finite decomposition rank. 

The class of such C* -algebras is classified by the Elliott invariant. 

Proof: Implications (i)^(ii)=>(iii) and (i)=>(v) are trivial; (iii)=>(iv) follows from 
Corollarv l6.51 and (v)=^(iv) is (a special case of) 001 Theorem 5.1]. The classifica- 
tion result for Z-stable AH algebras was obtained in [30]; this also yields (iv)^(i), 
cf. [201 Corollary 11.13]. I 
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